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Preface

This dissertation is devoted to determining sharp bounds on the expectations and variances of
linear combinations of order statistics and kth records based on independent and identically
distributed random variables. Order statistics arise in a natural way by ordering random
variables in the ascending order. Classic first upper record values are the observations that
are greater than all the preceding ones. Their extensions, so called kth upper records, are
the new values appearing at the kth upper position in the sequence of ordered observations.
Order statistics and their linear combinations, called L-statistics, play a vital role in statistical
inference. Moreover, they are extensively used in survival analysis, reliability theory, and
treatment of censored data. Record values are applied for prediction of catastrophes, and
extreme events in nature and sports.

Many evaluations of expectations of linear combinations of order and record statistics were
presented in the literature. The novelty of our results consists in measuring the respective
bounds in the scale units being the Gini mean difference of the population. The Gini mean
difference of a probability distribution is the expectation of the absolute value of the difference
of two independent copies of random variables with the parent distribution. The Gini mean
difference becomes a popular and useful measure of dispersion. One of its virtues is that it
can be defined under assumption of finiteness of the first population moment only (note that
the standard deviation which is the most popular scale unit requires existence of the second
moment). We prove that our bounds on the expectations of linear combinations of order and
record statistics are sharp, and describe conditions of their attainability.

Much less is by now about bounds on variances of ordered random variables. Our bounds
on variances of linear combinations of order statistics and kth record values are expressed in
variance units of the original i.i.d. observations. Until now only bounds on variances of single
order statistics and single kth records were presented in literature. We describe bounds
on variances of arbitrary linear combinations of order and record statistics, and present
conditions of their attainability. We also specify general results for single order and record
statistics and their increments.

The main idea of our reasoning consists in integral representation of the expectations,
variances and covariances of order and record statistics so that the integrand is the compo-
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sition of some (usually complicated) function with the baseline distribution function. The
thesis is organized as follows.

Chapter 1 contains some essential information which is used in the next chapters. We
present some distributional properties of order statistics and kth record values. Moreover,
variation diminishing property (VDP, for short) of some families of functions is also intro-
duced in this chapter. The property asserts that a linear combination of a sequence of
functions has no more sign changes than the respective sequence of combination coefficients.
This is a useful tool in our studies.

In Chapter 2, it is provided a method of calculating sharp lower and upper bounds on the
expectations of arbitrary, properly centered L-statistics expressed in the Gini mean difference
units of the original i.i.d. observations. Precise values of bounds are derived for the single
order statistics, their differences, and some most popular examples of L-statistics such as:
the trimmed means, Winsorized means, and mean absolute deviation from the median. It
also presents the families of discrete distributions which attain the bounds, possibly in the
limit. This chapter is based on the paper by Kozyra and Rychlik (2017a).

In Chapter 3 we first describe the idea of obtaining lower and upper bounds on the
variances of arbitrary linear combinations of order statistics and sufficient conditions of their
attainability. Then we provide tight bounds for some special cases. We remind the results
of Papadatos (1995) who presented sharp lower and upper bounds on the variances of single
order statistics expressed in the population variance units. Then we determine analogous
results for spacings, i.e. differences of consecutive order statistics. Finally, we determine the
upper bounds on the variances of linear combinations spacings based on three observations.
This example shows that establishing optimal bounds for general L-statistics is actually a
challenging task. The most of the results of this chapter were presented in Kozyra and
Rychlik (2017Db).

Chapter 4 is entirely based on the paper by Kozyra and Rychlik (2017c). Here we describe
a method of calculating sharp lower and upper bounds on the expectations of linear combi-
nations of kth records expressed in the Gini mean difference units of parent distribution. In
particular, we provide sharp lower and upper bounds on the expectations of kth records and
their differences. We also present the families of distributions which attain the bounds in the
limit.

Chapter 5 is devoted to the study of bounds on the variances of linear combinations of
kth record values. Some upper evaluations are presented, together with conditions of their
sharpness. We also point out assumptions under which the lower variance bounds trivially
become zero. Then some special cases are treated. We cite results of Klimczak and Rychlik
(2004) where sharp bounds on variances of single kth record values were presented. They
were more precisely specified by Jasinski (2016). Then we provide similar sharp bounds for
the kth record spacings which are defined as the differences between adjacent kth record



values. The results of the chapter were earlier presented in Kozyra and Rychlik (2017d).

Acknowledgments. The author is grateful to professor T. Rychlik for checking this text
as well as for comments. Some sophisticated calculations were performed with help of Maple
software version 18.
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Notation

set of natural numbers (0 ¢ N)

set of real numbers

independent identically distributed

variation diminishing property

distribution function

EX — expectation of random variable X

variance of random variable X

covariance of random variables X and Y

E|X; — X3] — Gini mean difference (X, X, are i.i.d.)

kth order statistic based on n random variables X1,..., X,

Xit1.n — Xin — 1th spacing of order statistics based on X,..., X,
marginal distribution function of Xj., based on i.i.d. random variables
Xi, ..., X, with general distribution function F'; see (1.1.1), p. 2

joint distribution function of X;,, and Xj.,, based on i.i.d. random
variables X7, ..., X, with general distribution function F', see (1.1.2),
p- 3

marginal distribution function of kth order statistic based on n i.i.d.
standard uniform random variables

joint distribution function of ith and jth order statistics based on

n i.i.d. standard uniform random variables

(’Z)uk(l —u)™*k 0<u<1,k=0,...,m, — kth Bernstein polynomial
of degree m

Eﬁi@f%EZEﬁ — trinomial coefficient

nth value of kth (upper) record

marginal distribution function of nth value of kth record based on i.i.d.
sequence X1, Xs, ... with general continuous distribution function F,
see (1.2.5), p. 6
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Chapter 1

Preliminaries

In this chapter we define order statistics and kth record values. In the cases when they are
based on independent and identically distributed (i.i.d., for brevity) random variables, we
determine their one- and two-dimensional marginal distribution functions. Then we use the
respective formulae for establishing integral representations of variances and covariances of
order and record statistics. Finally we describe so called variation diminishing property of
selected sequences of functions. The property is frequently used in our further analysis.

1.1 Order statistics

1.1.1 Definition, L-statistics, and spacings

Consider n variables X7, ..., X,, defined on the same probability space (2, F, P). If we arrange
these variables in increasing order, we obtain order statistics X;.,, < ... < X,,.,. Linear
combinations of order statistics Z?:l ¢; X;., with fixed real coefficients ¢4, ..., ¢, is called L-
statistics. L-statistics are widely applied in statistical inference. For instance, the trimmed
and Winsorized means are used for estimating location of populations, whereas mean absolute
deviation from the median and sample range are popular measures of scale. Other useful
examples of L-statistics are spacings defined as S, = X;11.n — Xy fori € {1,...,n — 1}.

1.1.2 Distribution functions

Now we consider n i.i.d. random variables X, ..., X,, with common distribution function F.
It is obvious that for any z € R:

F(x) = P(Xym <2)=P(Xi<x,... . X, <z)=[[P(X; <2) = F'().



Similarly

FX(2) = P(Xy, <) =1—P(X1, > )
= 1-PX;>z,....X,>2)=1— (1-F(x))".

In general case for any k € {1,...,n} and € R we have
= P(at least k variables among Xi,..., X, are not greater than x)
= Z P(exactly m variables among X7, ..., X, are not greater than z)
m=k

3

m

- S () - i

3

Observe that the distribution function of single order statistic can be represented with use
of Bernstein polynomials of degree n

n

Bl = (

)um(l—u)"m, O<u<l, m=0,...,n,
m

as follows

n

Fin(a) = Z B (F(2)).

m=k

Similarly we obtain the joint distribution of ¢th and jth order statistics from observations
Xq,..., X, for 1 <i<j<n.If x>y, then obviously

FX

i,j:m

('Iay) = IEI)(‘Xi:n < xij:n < y) = IEI)(‘Xj:n < y) = FX (y)

2



If x <y, then

FX

z,j:n($7y) = P (Xln < $7Xj:n < y)
= IPP(at least i variables among X3, ..., X, belong to (—o0, z]

and at least j variables among Xj, ..., X, belong to (—oo,y])

= Z Z P(exactly r variables among X7, ..., X, belong to (—o0, z]
s=j r=t

exactly s variables among X1, ..., X, belong to (—oo,y])

= Z Z P(exactly r variables among X7, ..., X, belong to (—o0, z]

s=j r=t
and exactly s — r variables among X1, ..., X,, belong to (z,y]
and exactly n — s variables among X7, ..., X,, belong to (y,0))
= n r s—r n—s
- 22 (, ) - Fe) T - Fw)
s=j r=t rns—r
where ((:b) = W'a—b)' Summing up, we have

X

i,J:m

oy = LT L)@ (Fy) - F@) T (1= Fy)" T, e <y,
(2, y) { S (B)F™(y) (1= F(y)" ™, s y-(1.1.2)

Clearly, we obtain analogous distribution functions FJ,, F}’;., in the standard uniform case by
replacing F'(x) and F'(y) in the right-hand sides of (1.1.1) and (1.1.2) by x and y, respectively,
from interval (0,1). The above formulae can be found in monographs, see, e.g., David and

Nagaraja (2003, pp. 9 and 12) and Nevzorov (2000, pp. 6-7).

1.2 kth records values

1.2.1 Definition, record spacings

Let Xy, X, ... be a sequence of real random variables. The first (upper) records, introduced
by Chandler (1952), are these elements of the sequence which exceed all their predecessors.
More general notions, presented in Dziubdziela and Kopocinski (1976), are so called (upper)
kth records which are new (greater than previous ones) kth greatest elements of samples
Xq,..., X, when n increases from k to infinity.

3



Precisely, for a given k € N, Dziubdziela and Kopocinski (1976) defined the kth record
times 7}, and the kth record values R, ; as follows:

Tl,k = ]-a
Toprre = min{j > Top: Xjjpr—1 > X, o1 +k-1))
Rox = X1, T uth—15 n €N,

where X, stands for the ¢th order statistic obtained from the first n observations. There
is another convention of defining record times as L(n,k) = T, x + k — 1 in connection with
the number of random variables observed till the time the respective kth record occurs (see,
e.g., Nevzorov, 2000, p. 82). The choice of convention does not affect the definition of record
values.

The nth spacing of kth records is defined as the nth increment of kth records Ry, 11— Ry k,
n € N.

1.2.2 Distribution functions

From now on, we assume that random variables X, X, ... are i.i.d. with a common con-
tinuous distribution function F. Under the assumption, the first value of first records is
just the first observation X;. It is intuitively obvious that the distribution of R, ;1 under
condition that R, ; = z is identical with the distribution of the original random variable X;
under condition that X; > z. In other words, distribution of R,,4;1 — R, 1 under condition
R, 1 = x coincides with the distribution of X; — 2 under condition X; > x. This implies
in the case of i.i.d. standard exponential sequence Z, Zs, ... by the lack of memory of the
exponential distribution that the first record value Z; ; and consecutive first record spacings
Zy1— Z1a, 231 — Zaga, . . . are also i.i.d. standard exponential (cf., Nevzorov, 2000, Corollary
15.7). It further follows that Z,,; and Z,; — Z,,; for any 1 < m < n are independent and
have Erlang (gamma) distributions with unit scale parameter and shape parameters m and
n — m, respectively. In particular, Z,, ; has distribution function

m—1 l‘i
Fnz%l(x)zl—e"”zﬁ, x> 0.
i=0

Moreover, Z,,1 and Z, 1 = Zy1 + (Zn1 — Zm) have the joint density function

n—m—1_,—

y—x) eV
m—1)l(n—m —1)!

z "

m,n,l(x7 y) = (

0<z<y.

(cf Arnold et al, 1998, p. 11). This allows us to calculate the joint distribution function of
Zma and Z, 1. When o > y > 0, we obtain the marginal distribution function of the latter

4



variable

n—1
FZ(zy) = P(Zn1 <2,Z01 S y) =P(Zuy <y)=FAHy)=1-e"Y_ %-(1-2-1)
i=0

If 0 <z <y, then
x m—1 Yy t — n—m-—1
o) = [ [
o o (m—1)! s (m—m—1)!
x m—1 y—s tnfmfl
_ / s / L AR——"
o (m—1)! o (m=m-=1!

s )]
= /0 m [1—6 Z y—'] ds

n—m—1 CL“ml
-y
> [ et

n—m—1 1

= FZ(x)—e Z 3 1)]xmﬂyz : (1.2.2)

— = (m = DY =) m+5)

CB

-1
I
Z'

=

The first value of kth record is the minimum Xj., of first £ observations Xi,...,X,.
In the i.i.d. case, under condition that R, = z, the next kth record value R,;; has the
distribution as the minimum of k£ independent copies of original variables which exceed level
xz. This means that Ry, Rog,... based on an ii.d. sequence with distribution function
F have the same joint distribution as the sequence of first records based on i.i.d. sequence
min{ Xy, ..., Xz}, min{ Xz 1,..., Xox}, ... with the baseline distribution function 1—(1—F)*
(cf. Nevzorov, 2000, Theorem 22.6). In the case of standard exponential parent distribution
function F, transformation F—1-(1-F ) leads to the exponential distribution with
scale parameter L which means that Z;., and 2L have identical distributions. Therefore the

sequences of kth records Zy gy Zo g, - - . and first records 2, = Zil, ... divided by k are identi-
cally distributed as well. Accordingly, the one- and two- dlrnensional marginal distribution

functions of kth records based on standard exponential sequences are

Fnzk(x) = FZ L (kx),

Fé,n,k(x7y) - anl(kx ky)
It is obvious that strictly increasing transformations h(X;), h(Xs),... of original ran-

dom variables preserve strict ordering. In consequence, h(R; ), h(Ray) ... constitute kth

5



record values in the transformed sequence h(X;),h(Xs),... In particular, function h(z) =
F~1(1 — exp(—x)), where F~! is the quantile function of continuous distribution function
F, is strictly increasing. This implies that F~'(1 — exp(—Z1)), F7'(1 — exp(—Z2)) ... is a
sequence of i.i.d. random variables with parent distribution function F', whereas F~1(1 —
exp(—Zi ), F1(1 — exp(—Zay)) . .. is the corresponding sequence of kth records (see, Nev-
zorov, 2000, Representation 22.1). Therefore

F¥(z) = FnZk< —In(1- F@;))) - Ffl( —kn(1- F(x))), (1.2.3)
ank(x, y) = Fénk< —1In (1 — F(x)), —In (1 — F(y)))
- Fén71< — kIn (1 - F(z)),—kln (1 — F(y))). (1.2.4)

Combining (1.2.1) and (1.2.2) with (1.2.3) and (1.2.4), we finally obtain

Fie) = 1=[1=F@))

: (1.2.5)

1 — [1 _ F(x)]k 22—01 [—kln (%—F(z)il - [1 . F(y)]k
(

FX (1y) = momt i (03 [k (12F@) ] [~k <I—F(y))]i7j (1.2.6)
min k5 Y X2ico im0 (m=D)1—)!(m+7) » TSy
11— Py oy ol y<a

Clearly, writing = and y instead of F'(z) and F(y), respectively, in the right-hand sides of
(1.2.5) and (1.2.6), we obtain the distribution functions F)\'; and F, , of kth records based
on standard uniform sequence.

1.3 Variances and covariances of order statistics and
kth records

We use the Hoeffding (1940) formula for the covariance

Cov(X,Y) = //]1@2 [H(z,y) — F(2)G(y)|dzdy (1.3.1)

of random variables X and Y with joint distribution function H and marginals F' and G,
respectively (for a simple proof, see Lehmann, 1966). Note that either of conditions F'(z) =0

6



and G(y) = 0 implies H(z,y) = 0. Similarly, when from F(z) = 1 and G(y) = 1 follows that
H(z,y) = G(y) and H(x,y) = F(x), respectively. Therefore, we can rewrite (1.3.1) as

Cov(X,Y) //0 el H(z,y) — F(z)G(y)] dzdy. (1.3.2)

Using (1.3.1), we also obtain

Var X = Cou(X,X) // (min{z, y}) — F(z)F(y)]dzdy

= 2 / /0 rer 2)[1 = F(y)] dady. (1.3.3)

Note that each F, and F\, is strictly increasing transformation of [0,1] onto [0,1].
Therefore

{0<F(z) <F(y) <1} = {0<F(F(z))

By (1.1.1) and (1.3.3) we get

Var Xy, = 2 //0<F(x)<F(y) Fi., (F(x)) 1—F, (F(y))] dxdy

- 2]
0<F(z)<F(y)<1

Similarly, from (1.2.5) and (1.3.3) we conclude

Var Ry, = 2 / / FU (F(2))[1 = F(F(y))] dedy
0<F(z)<F(y) ' ’

-]
0<F(z)<F(y)<1

ST

=0

1—[1—F(x))"

In order to write down the covariances of order and record statistics in a relatively concise

forms, we make the following observations. We represent F, ,f(mn(z, y) for x < y as

Flg,(m:n(xvy) = Flg(n($) - Fk),(m:n(xvy)’

7



where

FE @) = P(Xpn <7, Xn > 9)

= P(at least k among Xj, ..., X, are not greater than z,
and at least n — m + 1 among them are greater than y)
= P(at least k among Xj, ..., X, are not greater than z,
and at most m — 1 among them are not greater than y)
m—1 J
= Z Z P(exactly j among X7,..., X, are not greater than y,
j=k i=k

and exactly ¢ among them are not greater than x)

- Y3, ) F@Ew - Fey -

= FY _(F(z),F(y)), (1.3.4)

where
n

Bi,j,n(u, U) = (

o —u) (1 = o), O<u<wv<l,
i,j—i)u(v w)’ (1 — ) u<wv

for 0 < i < j < n can be interpreted as is the probability that exactly i and j random
variables among n i.i.d. standard uniform random variables are less than u and v, respectively.
Similarly, we write

Fn)’in,k<x7y) = Frﬁk('x) - Fn{in,k(x?y)a

with

X n Tt (L~ EkIn (1 — F@)]™ = kIn (1 — Fy))]"™
Flasa) == FG)* 3 0< [ ((m—l)!j)!zz]'—j)[!(erj() )]

7 J=

(cf. (1.2.6)). Note further that F\ . (z,y) = F{,,..(F(x), F(y)) = 0 iff either F(x) =0 or
F(y) = 0. Also, I, ..(z,y) = F¥ () and FX. (z,y) = F,,,(y) under conditions F(y) = 1

k,m:n
and F(x) = 1, respectively. Analogous relations hold for functions FY Therefore we

m,n,k*

8



finally obtain

Cov( Xk, Xmm) = Fl (F(z)) — FY . (F(z),F
( -/ oror [P @) — F (). F)
— FL(F@) Pl (P) + Fi (F(0) = Pl (F(2) F, (F) | dedy

-/ {FL(F@) 1 = FlL.(F )]
0<F(z)<F(y)<1

+ FU(F@) 1= B (F)] = B (F(2), F(y)) dady

N //0<F( )<F(y)<1 { ZBM (F(x)) Z_ Bin (F(y))
+ ZBi7n(F(x)) z_:Bm(F(y)) — Z_:ZBi,j,n(F(x),F(y))}dxdy (1.3.5)

and

CorlAs o) = [ {FEL(FE) 1~ FL(FW)]

+ FU(F@)[1 = B (F@)] = B (F(), Fy)) fdady

— //O<F( r { [1 -[1- F(:p)]k z_: [_ kIn (12,!_ F(x))} ]

=0

1 - pp S IR 0= )]

8 i

+ [1 —[1 - F() i ol (1@'!_ 2l ]

- pe Y RO ey sy
[—kIn(1- F(:p))}mﬂ [—kIn(1— F(y))yﬂ

X (m = DG = £ ) }dxdy. (1.3.6)

9



1.4 Variation diminishing property

Variation diminishing property (VDP, for short) of a (finite or infinite) sequence of functions
defined on a common interval domain asserts that arbitrary non-zero linear combination of the
functions has not more sign changes than the respective sequence of combination coefficients.
The property is one of crucial tools of our further analysis. The most popular VDP is famous
Descartes’s Rule of Signs, concerning power functions defined on positive half-axis.

Theorem 1 (see, e.g., Karlin and Studden, 1966, Corollary 1.4.4). Let p(z) = agz® +a 2" +

o Fanx’ be a function with nonzero real coefficients ay, . . ., a, and real exponents by, . . ., by,
satisfying by > by > ... > b,. Then p cannot have more positive Toots (even counted with
multiplicity) than the number of sign changes in the sequence ay, . .., a,.

The theorem was stated without proof by Descartes in 1637 in the case when by, ..., b,

were positive integers (see Descartes, 1954). A rigorous proof was delivered by Segner (1728).
Here we present the general version with a short proof of Komornik (2006), affixed here for
completeness.

Proof. Denote by z(p) the number of positive roots of p and by v(p) the number of sign
changes in the sequence ay,...,a,. We prove by induction on v(p) that z(p) < v(p). The
case v(p) = 0 is obvious, since then all terms of p(x) have the same sign for all x > 0, hence
z(p) = 0.

If v(p) > 0, then we choose an index ¢ for which a;a;; < 0. Since dividing p(x) by some
power of & changes neither v(p) nor z(p), we may assume that b; > 0 and b;;1 < 0. Let

p(z) = ip(x) =apz ! +ala T 4 a2t
Then sgn(a}) = sgn(a;) for all j € {1,...,i} and sgn(a}) = —sgn(ay) for all j € {i+1,...,n}.
Thus v(p') = v(p) — 1.

Now we show that z(p') > z(p) — 1. Let x; < ... < x; be all positive roots of p(x)
with respective multiplicities mq,...,my. Then these roots are also roots of p/(x) with
multiplicities m; — 1,...,my — 1. Moreover by Rolle’s theorem, each of the k£ — 1 open
intervals (x;, z;11) contains at least one root of p/(x). Therefore

2p)>(mi—1) 4+ +(mp—1)+k—1=my+---+m —1=2(p) — 1.
By inductive assumption we have z(p) < z(p') +1 < v(p') + 1 = v(p). O

It can be easily noted that the first and last sign of the combination ., a;x% is identical
with the signs of the first and last non-zero coefficient of the combination. The above theorem
immediately implies VDP of the Bernstein polynomials of a fixed degree in interval (0, 1).
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Lemma 1 (cf., e.g., Rychlik 2001, Lemma 14). The number of sign changes of a non-zero
linear combination of Bernstein polynomials Y )", by By of degree m on the interval (0,1)
does not exceed the number of the sign changes of the sequence (b, ...,by). Moreover, the
signs of the combination at the right neighborhood of 0 and the left neighborhood of 1 coincide
with the signs of the first and last non-zero elements of the sequence, respectively.

The first statement was proved in Schoenberg (1959). In fact, it simply follows from the
representation

Zkakm Zbk( ) (1 —u)™" (1—u)mz7::bk<7:)xk,

where v = z(u) = - is a strictly increasing transformation of the unit interval onto R,.

The latter claim is tlrivial.

The following lemma can also be easily deduced from the Theorem 1. Here we take the
strictly increasing reversible function x = z(u) = —In(1l — u) that transforms (0,1) onto
(0,400). This implies that the VDP is inherited by the powers of functions u — — In(1 — u),

0<u<l.

Lemma 2. The number of sign changes of the linear combination

n

Zai[— In(1 — u)]*, O0<u<l,

i=1

where Y ¢ |a;| > 0, and —00 < oy < ... < ay, < 400, does not exceed the number of sign
changes in the sequence (ay,...,a,). Moreover, the signs of the function in the right vicinity
of 0 and the left vicinity of 1 are identical with the signs of the first and last elements of
(ay,...,ay), respectively.

The extension the variation diminishing property to infinite sequences is proposed by
Jasinski (2016, Proposition 2.1).

Lemma 3. Consider a sequence of functions (p;(x)):2, defined on an interval (a,b) C R. If
(pi(z))™, have the variation diminishing property for allmn = 1,2, ..., and sequence (a;)$2;,
has k < oo sign changes, and

:Zaigoi(:v), a<x<b,

is well defined, then g(x) has at most k sign changes.

11



This is proved by contradiction. If g has more than k£ sign changes, we choose k + 1
arguments a < x; < ... < Tpy1 < b such that g(z;)g(z;11) < 0,7 =1,... k. If follows that
the same relations are preserved by finite sums Y | a;p; for sufficiently large n, and this
contradicts VDP of > " | a;¢;.

The above lemma together with Theorem 1 imply the following.

Lemma 4. Suppose that function h : Ry +— R has an infinite Taylor expansion
=z
f(x):Zazg—, x>0,

where sequence (a;)2, changes the sign finitely many times. Then the number of sign changes
of f in Ry does not exceed the number of sign changes of (a;)2,. Moreover, the first sign of
f coincides with the sign of the first non-zero element of (a;)2,, whereas last one is identical
with the ultimate sign of the sequence.
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Chapter 2

Bounds on the expectations of
L-statistics

Suppose that Xy,..., X, are non-degenerate i.i.d. random variables with a finite mean u =
[EX,. The purpose of this chapter is to present sharp lower and upper bounds on the expecta-
tions of properly centered L-statistics E> " | ¢;(X;., — p), with arbitrary ¢;,...,c, € R and
their special cases, expressed in terms of the Gini mean difference scale units A = E|X; — X5|.
Centering is necessary in order to get non-trivial evaluations.

There is a vast literature devoted to inequalities for moments of order statistics, their
functions and generalizations in various sampling models. The first result in the subject
was due to Plackett (1947) who precisely estimated the expected sample range in the stan-
dard deviation units. Gumbel (1954) and Hartley and David (1954) independently provided
analogous upper bounds for the sample maxima. Moriguti (1953) proposed a new evaluation
technique based on the notion greatest convex minorant that is useful in getting sharp bounds
for arbitrary L-statistics from general populations. In the paper, he presented algorithms for
numerical calculations of the bounds for single order statistics and their differences. Balakr-
ishnan (1993) developed the Moriguti method for analytic determination of bounds for several
extreme order statistics. Arnold (1985) calculated tight upper bounds on the difference of
expected sample maximum and population mean in scale units generated by central absolute
population moments of various orders. Rychlik (1998) combined the methods of Moriguti
(1953) and Arnold (1985) for presenting a method of calculating analogous inequalities for
arbitrary L-statistics.

More precise bounds were derived for restricted families of parent distributions. Moriguti
(1951) presented mean-standard deviation bounds for the sample maxima from symmetric
populations, and extended the result to arbitrary order statistics in Moriguti (1953). Bounds
for the maxima of symmetrically distributed populations in various scale units can be found
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in Arnold (1985), and similar results for arbitrary L-statistics are due to Rychlik (1998).
Gajek and Rychlik (1998) proposed a new method of determining sharp bounds, based on
the notion of projections, and used it for evaluating order statistics from symmetric unimodal
distributions. Danielak (2003) applied the idea for obtaining analogous bounds in the families
of distributions with decreasing densities and decreasing failure rates, whereas Goroncy and
Rychlik (2015, 2016) solved a similar problem for the increasing density and increasing failure
rate families, respectively. The projection method makes it possible to determine sharp
positive upper bounds (and negative lower ones). Lower non-negative and upper non-positive
bounds for arbitrary L-statistics from general populations expressed in various scale units
based on central absolute moments were presented by Goroncy (2009). Rychlik (2009 a,b,c)
derived similar evaluations for order statistics with small ranks coming from restricted classes
of distributions. We finally mention evaluations of expected order statistics from the popular
i.i.d. model of drawing with replacement from finite populations, due to Rychlik (2004). The
result was extended by Lépez-Blazquez and Rychlik (2008) to the case of arbitrary parent
distributions on discrete populations of a fixed size.

2.1 General L-statistics

Before we formulate results, we introduce some auxiliary notions. Given ¢ = (¢y,...,¢,) € R"
with the arithmetic mean ¢ = 23" | ¢;, we define vector a = a(c) = (ag, ..., a,-2) € R"™*
as follows
i+1
n(n—1) _ :
a; = a;(c) = — ; E Cc— Ck), 1=0,...,mn—2. 2.1.1
(c) 2(z+1)(n—z—1)k1( 2 ( )

Furthermore, we put
n—2
Ee(u) =Y aiBina(u), 0<u<l, (2.1.2)
i=0
where By, are the Bernstein polynomials of degree m. Obviously, = is a polynomial of
degree n — 2. Now we are in a position to state the main statement of this Chapter.

Theorem 2. Assume that X1, ..., X, are non-degenerate i.i.d. random variables with a finite
mean = EX;. Then, under the above notation, we have

—_ Zﬁfl Ci(Xi:n - ,u) —_
— < = < - .
0<u<l1 (u) <E A - 0?3% o(u)

If0 < uy < ... < u, < 1 are all the inner points of the unit interval [0, 1], being the
arguments of the mazimum (minimum), then the upper (lower) bound is attained iff the
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parent distribution function has the form

( 0, =<z,
uy, xg < <X,
F(z)=¢ : (2.1.3)
Upy  Tp—1 S T < Zy,
T 2 T,

for arbitrary xo < ... < x, > x9.

If the mazimum (minimum) amounts to =.(0), then the upper (lower) bound is attained
in the limait by any two-point distributions such that the probabilities of the smaller point tend
to 0. Similarly, if the mazimum (minimum) amounts to Z¢(1), the upper (lower) bound is
attained in the limit by any two-point distributions such that the probabilities of the smaller
point tend to 1.

According to (2.1.3), any distribution function attaining the upper bound is discrete, and
the set of its values that differ from 0 and 1 is a nonempty subset of {uy, ..., u,}. The number
of jumps is greater by 1 than the cardinality of the subset. A polynomial of degree n — 2
may have |%| — 1 local maxima at most. It is theoretically possible, but practically very
unlikely that all the maxima belong to (0,1) and provide identical values of the polynomial.
For majority of L-statistics, especially these commonly used in statistical analysis, respective
functions Z. have either one or (quite rarely) two maxima in (0,1). It also happens that
the maximum is attained at either of the border points of the unit interval. Similar remarks

concern the minima of =, for various c.

Proof. We first get rid of p in the representation of the expectation of centered L-statistics

=1 =1 k=1

=1 =1

=1 k=1

Since the new coefficients ¢; = ¢; —¢, 7 =1,...,n, sum up to 0, we can represent the modified
L-statistic Z?:l ¢iXi.n as a linear combination of spacings

n n—1
Z éiXi:n = Z bi(X’i+1Zn - Xi:n)7
=1 =1
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where
ch Zc—ck), i=1,....,n—1
k=1

Now we use integral representations of the expected spacings

o0

E(Xmm—xm):/ Bin(F(x))dz,  i=1,....n—1,

[e.9]

due to Pearson (1902) (see also Jones and Balakrishnan, 2002, formula (3.1)). It is also useful
in representing the Gini mean difference

A =E|X; — Xo| = E(Xp — X12) = / Bio(F(x)) da.

—00

We also have

E Zn: ¢i(Xim—p)=E Z
] k=

/00 Z(E — )| Bin(F(2))dx

)

C — Ck ] (Xi+1:n - in)
1

/ h Z(E—ck) %BZ 1n2(F(2)) By o(F () da

/Oo Z (i+1 nn__l)z —1) [Z(C_ )| Bin—2(F(x))Bi12(F(z)) dz

_ /_ = (F(2))Bua(F(x)) dz.

For getting the upper bound we write

E Z ¢i(Xim—p) < sup Ec(F(2)) /OO Bis(F(z))de < max Ec(u)A,

—00<xr <00 0<u=F(z)<1

as desired.

We get the equality in the latter inequality if we do not exclude any 0 < u < 1 from the
possible values of the parent distribution function F'. We also have the equality in the former
one iff for almost all + € R we have either Z.(F(z)) = maxo<y<1 Zc(u) or Byo(F(x)) = 0.
The latter is equivalent to either F'(z) = 0 or F'(x) = 1. The only possibility for attaining the
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bound is that the set of values of F(z) is contained in {uy,...,u,} U{0,1}. By assumption,
{F(z): z e R}n{uy,...,u} #0.

Suppose now that Z.(0) > Z¢(u), 0 < u < 1, and consider the family of parent distribution
functions

0, z < o,
Fuz) =13 u, z9<z<u, 0<u<l,
1a € Z Iy,

for some arbitrary xo < x;. Then

3

E, Ci(Xim — 1) = Zc(u) A,.

=1

Letting u | 0, by continuity of =, we obtain

. Eu Z?:l &) (Xi:n - M) = . —_
WA, — 50 = g )

Similarly, in the case Z¢(1) > Zc(u), 0 < u < 1, yields

. Eu Z?zl C; (Xi:n - ﬂ') — j—
WA, 5 = g )

The proofs for the lower bound as well as for its attainability are analogous. O]

If n = 2, we trivially obtain

oy —C Cy—C
Ele1 (X2 — p) + co(Xoo — )] = - 5 1E(X2:2 — Xi0) = 2 5 -
From now on, we exclude this case from further analysis. When n > 3, in order to determine

extreme values of Z¢(u), 0 < u < 1, we need to analyze behavior of the derivative

A.

n—3
Ee(u) = Z%‘Bz',n—3(u), (2.1.4)
=0

where
o = aule) = (n = Dfays ) = O
(=) _ (@ = cp)

i=0,...,n—3. (2.1.5)

(+2)n—i-2) (+Dn—i—1)|

The following three remarks are useful in calculating bounds for specific L-statistics.
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Remark 1. We have Z¢(u) = —Z¢(1 —u), 0 < u <1, for some a = a(c) = (ag,...,a,-2)

r_ A / / : _ / . . n o
and a' = a(c') = (ag,...,a, ) iff a; = —aj, 5 ;, i =0,...,n—2, d.e. when ), ,cx =
—i1—1 . . . . oy . .

vy i =0,...,n—2, or just simply ¢; = ¢pi1-4, @ = 1,...,n. The condition implies

that the upper (lower) evaluation for Y. | ¢; X, is identical with the negative of the lower
(upper, respectively) evaluation for Y " | chy1-iXin. Evamples of such pairs are the single
jth smallest and greatest order statistics. In consequence, for every L-statistics with ¢; =
Cni1—i, © = 1,...,n, the lower bound is the negative of the upper one. It holds for the linear

combinations of quasi-midranges ZE{% Ci(Xim + Xns1-im) (+C"T+1X"T+lm if nis odd).

Remark 2. We have Ec(u) = Zc(1 —u), 0 <u <1, iffa; = an_o—, i = 0,...,n — 2, which

. . . - _ L _ _
is consecutively equivalent to —— > " S cp =¢, 1 =0,...,|%52], and L(c; + cpr1-) = C
fori = 1,...,n. This is satisfied by linear combinations of quasi-ranges and the sample

mean Zﬁ{% di(Xns1—im — Xim) +d> 1 Xin. Under the condition, the set of mazimum
(minimum) points of Za(u), 0 < u < 1, is symmetric about 5. In particular, Ec(u) has an
extreme at u = %

Remark 3. Notice that the vector transformations a : R® — R"! and o : R® — R"2
described by formulae (2.1.1) and (2.1.5), respectively, are linear. In consequence, func-
tions (2.1.2) and (2.1.4) are linear operators acting on vectors of coefficients ¢ € R™. The
observation will be useful in our further calculations.

2.2 Single order statistics

Obviously, X, is an L-statistic with the coefficient vector c(r) such that ¢;(r) = d;.. Simple
calculations show that

n_;‘l_7 if <r-— 27
ai(c(r)) = { T s

2(i+1)”
It follows that the respective polynomials =,.,(u) = 317 a;(c(r)) Bin_2(u) have particular
forms:

n—1
S - _ B 7 2.2.1
1 (1) > 557y Bin2®) (2:2.1)
1=0
1 A |
Zon = —By,_ — . B;._ , 2.2.2
2:n (1) 5120, 2(u) — 20i+1) " 2(u) ( )



The corresponding derivatives are

Proposition 1.

Zm(u) = ;Q(nn—_il—l) ()
_ii12215 2 (), 3<r<n-—2
Zotn(t) = gQ(nn_‘f_D in-2(8) = 3 Bn-2a-2(0)
Zn(W) = :2(””_—_1_1)8@
- St
_ _@*41”_23M3WW+§§QZESZIQ i3 (u),
- : 2(n Eni_—12))((7’lﬂ_—2i)— gy Brnalu) = (Zi(; i) gn—_ri)
« BTan(u)+i:;31 ;?2111))(8133 s (1),
_ s et - P )
_ <  (n-1n-2) Bro s

(i) For the extreme order statistics, we have

n—1 Xy —p 1
— E— = < __
2 - A -2

2 - A - 2

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

3<r<n-—2,2238)

(2.2.9)

(2.2.10)

The lower and upper bounds in the above relations are attained in the limit by the two-point
distributions such that the probabilities of the smaller points tend to 0 and 1, respectively.
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(i1) The derivatives (2.2.7) and (2.2.9) have unique zeros vi(2) and uy(n — 1) = 1 — v1(2),
respectively. Moreover,

Xom —

Eom(v1(2)) < EQ'T“ <5 (2.2.11)
1 Xn— mo —_

-5 < EI'TM < Spn(ur(n —1)). (2.2.12)

The lower bound in (2.2.11) and the upper bound in (2.2.12) are attained by the two-point
distributions such that the probability of the smaller points are v1(2) and ui(n — 1), respec-
tively. The upper bound in (2.2.11) and the lower one in (2.2.12) are attained in the limit
by the two-point distributions such that the probabilities of the smaller point tend to 0 and 1,
respectively.

(111) For 3 <r < n — 2, the derivative (2.2.8) has ezxactly two zeros ui(r) < vi(r) in (0,1).
Moreover,

1

Xr:n - —_
Er:n(vl (T‘)) S ET S :r:n<u1 (T))7

and the lower and upper bounds are attained by the two-point distributions such that the
probabilities of the smaller points amount to vi(r) and uy(r), respectively.

By Remark 1, we have uy(n +1—7)=1—v(r), m(n+1—1r)=1—uy(r),
and En—i—l—r:n(ul (n +1-— ’l“)) = _Er:n(vl (’f’)), En—f—l—r:n(vl (n +1- ’l“)) = _Er:n(ul (’l“))

Proof. Due to Theorem 2, it suffices to determine the arguments and corresponding values
of particular functions (2.2.1)—(2.2.5) which provide their global extremes over the interval
[0,1]. By Lemma 1, functions (2.2.6) and (2.2.10) are positive in (0,1). Hence (2.2.1) and
(2.2.5) are increasing in [0, 1]. Their extreme values are

n—1

E1n(0) = ao(c(l)) = )

Enn(l) = ap_2(c(n))

Observe that the bounds for the sample maxima could be also deduced from ones for the
sample minima and vice versa with use of Remark 1.

By (2.2.7) and Lemma 1, function (2.2.2) is first decreasing and then increasing. Since
E0:(0) = ao(c(2)) = 3, and 9, (1) = a,-2(c(2)) = —1, we immediately conclude that the
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global maximum and minimum are Z,,(0) = 1 and Z,,(v1(2)) < —3, respectively, where
v1(2) is the unique zero of (2.2.7) in (0, 1). The bounds for the case r = n — 1 are derived in
much the same way.

For 3 < r < n —2, Lemma 1 and (2.2.8) assert that (2.2.3) is either consecutively
increasing, decreasing and eventually increasing in (0, 1), or simply increasing in the whole
interval. Relations Z,.,(0) = ao(c(r)) = 1 and Z,.,,(1) = an—2(c(r)) = —1 contradict the
latter possibility. Therefore (2.2.8) has two zeros in (0,1). The first one wu;(r) provides the

global maximum of (2.2.3), and the other v;(r) gives the minimum. This ends the proof. [

Table 2.1 presents numerical values of upper bounds for the single order statistics X,.,,
3 < r <n =12. Every cell contains two numbers: the bound value for respective r and
n (printed in bold), and the probability of the smaller point of the two-point distribution
which attains the bound (printed in the standard type). We adhere to the above conventions
presenting numerical evaluations later on. We have not included casesr =1, r = 2 and r = n,
because then the bounds have simple forms and do not have to be determined numerically.
As one can expect, the bound values increase in the consecutive columns, and decrease in
the rows. The column increase accelerates, and the row decrease slows down. Analogous
tendencies reveal the probability values. The conclusions would not change if we included
case r = 2 into the analysis. The bound values amount to 0.5 then, and are attained in the
limit as the probability of the smaller point tends to 0. Using the Table, we can deduce the
lower bounds as well. The bound for the rth smallest order statistic X,., is identical with
the negative of the upper one for the rth greatest order statistic X,,11_,.,. The attainability
parameter is obtained by subtracting the respective table value for X, ,;_,., for one.

2.3 Differences of order statistics

We consider X;.,, — X,., for 1 < r < s < n. Here the vector of coefficients is c(r,s) =
c(s) — c(r) with ¢ = ¢(r, s) = 0. We specify the elements of (2.1.1) as follows

a;(c(r,s)) = a;(c(s)) — a;(c(r))

0, 1=0,...,7r—2,

_ n(n—1) -

= S ) (n=i=T) t1=r—1,...,8 —2,
0, t1=s—1,...,n—2.

Note that the first and last zeros vanish if » = 1 and s = n, respectively.
Put

Ersin(U) = Eers) (1), I1<r<s<n, O0O<u<l. (2.3.1)
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Table 2.1: Upper bounds on expectations of single order statistics

mw;vﬂﬁu |m

3

for 3<r<n<12.

A
"3 4 5 6 7 8 9 10 11
41[0.54167
0.16667
5 [0.51445 | 0.65146
0.05911 | 0.40724
6 |[0.50683 | 0.57139 | 0.78008
0.02789 | 0.21986 | 0.55347
7 10.50380 | 0.54259 |0.64610 | 0.91620
0.01543 | 0.13582 | 0.35661 | 0.64539
81[0.50233 | 0.52853 |0.59411 | 0.72850 | 1.05613
0.00945 | 0.09178 | 0.24833 | 0.45912 | 0.70730
9 [0.50154 | 0.52053 |0.56711 | 0.65296 | 0.81499 | 1.19828
0.00622 | 0.06603 | 0.18318 | 0.34346 | 0.53602 | 0.75145
10 [0.50107 |0.51550 | 0.55087 | 0.61254 |0.71579 | 0.90392 | 1.34184
0.00432 | 0.04974 | 0.14110 | 0.26741 | 0.42077 | 0.59498 | 0.78436
11 | 0.50077 |0.51214 | 0.54019 | 0.58759 | 0.66180 | 0.78106 | 0.99444 | 1.48635
0.00312 | 0.03879 | 0.11235 | 0.21489 | 0.34011 | 0.48352 | 0.64126 | 0.80976
12 [ 0.50058 | 0.50976 | 0.53272 | 0.57080 | 0.62798 | 0.71343 | 0.84793 | 1.08606 | 1.63154
0.00233 | 0.03110 | 0.09181 | 0.17709 | 0.28163 | 0.40183 | 0.53493 | 0.67841 | 0.82992
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Furthermore

0, 1=0,...,7—3,
(n— 2as(clr. ). =2,
= (n —2)[ais1(c(r,s)) —ai(c(r,s))], i=r—1,...,s—3, (2.3.2)
—(n —2)a;(c(r,s)), i=5—2,
0, i=s—1,....n—3

The first and last zeros disappear when r < 2 and s > n — 1, respectively. The second
and fourth rows vanish for »r = 1 and s = n, respectively. The third one does not appear
for the spacings, i.e. when s = r 4+ 1. We also check that under condition r — 1 < 1 <
s — 3 yields a;1(c(r,s)) < (=,>)a;(c(r,s)) iff i < (=,>)"52, respectively. This implies
that all the elements of the third row are non-positive and non-negative iff s < "74“3 and
r > ”T’l, respectively. They are first negative and ultimately positive when r < ”T’l and
5 > ”T% Presenting below the bounds on the order statistics differences, we consider two
cases separately. In Proposition 2, we analyze the possibilities that the difference contains
at least one of the sample extremes. The remaining ones 2 < r < s < n — 1 are treated in

Proposition 3.

Proposition 2. (i) For the sample range we have

X . _Xl' n
) Ll | L e L iy
- A -2

The lower bound is attained by the symmetric two-point distributions. The upper one is
attained in the limit by the two-point distributions such that the probability of one point
decreases to 0.
(i1) If eitherr =1 <s<norl<r<s=n, then
Xs-n - Xr-n n
I<E— < —.
- A -2
In the former (latter) case the lower and upper bounds are attained in the limit by the two-
point distributions such that the probabilities of the smaller points tend to 1 and 0, respectively
(0 and 1, respectively).

Proof. (i) By the comments following (2.3.2), function = ,., is first decreasing and then
increasing. Due to Remark 2, this is symmetric about % Therefore

= — —_ n
Olg't?%(l :‘17n5n(u) - :'l,n:n(o) = :l,n:n(]_) = 57
R _ 1 B

OIgluHSll :‘an(u) = Slnn (5) =2— 22 n)
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because
Z1 (1) = Z?:_ll Bin(w) 1-(1—-u)"—u"
Stnn () = Bio(u) 2u(1 — u) '

(ii) Suppose that 7 =1 and s < n. If s < 7LT+3? then function = 4., is decreasing by the VDP
of its derivative. We have = ,.,(0) = § which is the upper bound, and Z, ,.,(1) = 0 which is
the lower one. If s > HT%? then = 4., is decreasing in some neighborhoods of 0 and 1, but it
is also possible that it is increasing in some inner subinterval (vg, ug), say, of (0,1). Then the
right end-point of the subinterval is a possible candidate for the global maximum. Suppose
that Z; n(uo) > Z1,60(0) = 5. Therefore for some two-point distribution we have

Xs:n - Xl'n Xnn - Xl'n

n
Zlsn =E — <E— — < -,
15 (10) A A 2

which contradicts part (i) of the proposition. Moreover, point vy cannot provide the global
minimum less than = 4., (1) = 0 either, because

Xs:n - Xl:n

S

- El,s:n(UO) < ELSin(l) =0
is impossible for the expectation of non-negative random function X., — Xy.,. The proof for
1 <r < s=nis similar. O

Proposition 3. Assume that 2 <r <s<n—1.
(i) If either r > "% or s < ™3 polynomial

n—3

=) en(u) = Y i(c(r, 5)) Bin-s(w),

=0
0<u<1, (see (2.3.2)) has a unique zero uy = u(r,s), say, in (0,1). Also,

Xs:n - X’/‘:n <= ( )
- A ZrsnlUl)-
A = T

(it) If r < 251 and s > “£2, the polynomial has either one zero uy € (0,1) or three zeros

uy < vy < ug, where u; and uy, ug are local maxima of Z, 5., in the former and latter cases,
respectively. In these cases we have

Xs:n - Xr:n —
0 S ET S :r,s:n<u1)7
XS'n - Xr'n — —
0 S ET S max{:'r,s:n(ul)a:'r,s:n(UQ)}a
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respectively.

The lower bounds in the inequalities of statements (i) and (ii) are attained in the limit
by the two-point distributions with the contributions of one point decreasing to 0. If the
mazimum of 2, sn(u) , 0 < u <1, is attained at a single point u;, then the upper bound is
attained by the two-point distribution with the probability mass of the smaller point equal to
u;. If the global maximum is attained simultaneously at uy and us, then the bound is attained
by the parent distribution functions of the form

0, x<uxq,
uy, To < x <1y,
Uz, x1 < T < Xy,
I, x>y,

F(z) =

for arbitrary xo < 1 < 19 > xg.

Existence of two global maxima is possible, e.g. for the quasi-ranges with s = n+1—r. Then
Ersn(u) is symmetric about % Moreover, for r located relatively close to 1 and far from 7,
the polynomial is bimodal. Clearly, the lower and upper bounds for X,., — X.,, r < s, are
the negatives of the upper and lower bounds for X,., — X,.,.

Proof. Under the assumptions of point (i), the derivative = . (u) changes its sign once, from
+ to —. Therefore =, ., (u) is unimodal with the global maximum at the zero point of its
derivative. The lower bound coincides with

Ersn(0) = 2,50 (1) = aolc(r,s)) = an—a(c(r,s)) =0.
In case (ii), Lemma 1 asserts that possible sequence of signs of =/ . are either + — +— or
+—. In the latter one, we can repeat the arguments of part (a). Otherwise, there are two
local maxima in (0, 1), and both are appropriate candidates for the global one. Notice that
the local minimum point v; located between them cannot beat the interval endpoints in the
contest for the global minimum, because it is impossible that for any non-degenerate parent

distribution
Xs:n - Xr:n — = =
B = 2, (1) < 0 = Epn(0) = Epn(D):

]

Remark 4. The upper bounds for the spacings (s = r + 1) and second spacings (s =r + 2)
can be calculated analytically, because then equations = .. (u) = 0 can be simplified to linear

r,$:m

and quadratic equations, respectively. Note that the solutions to the cases r =1 and s = n
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were precisely described in Proposition 2(b). Otherwise we write

Xr+1'n - Xr:n —_ r—1
E——— —— < Srr+lin
N (=

n—2
. 1/n (T — 1)r_1<n —r — 1)n—r—1
- 2\r (n — 2)n-2 ,
XT mo Xr:n —_
E+2— S :7"77’—&-2:71(“1 (7", r+ 2))7
A
where
%’ ifr = 222,
wi(r,r+2) =4 o si20(e1)-/alrm) |
=) (@r—n=1) ° otherwise.

and a(r,n) =[n—3+2r(r—1)> —4(* - 1)(n —2)(2r —n —1).

Remark 5. The conclusions of Proposition 3(b) can be specified more precisely for the quasi-
ranges, i.e. the differences of rth largest and smallest order statistics, 2 < r < 5. By Remark

. :\ . . 1 :/ . . .
2, function Z, py1-pm 18 symmetric about 5, and =;.,, 4 _,.,, is antisymmetric. Hence the latter
vanishes at % If

_ 1 n! ~— /1 ,
:;"/,nJrlfr:n (5) = W Z (2) [(2i —n)> —n+2] <0, (2.3.3)

then 2, 11—y has a local mazimum at % Since it is positive on (0,1), and vanishes at 0
and 1, and has either one or three local extremes in (0,1), the latter possibility is excluded,
and =, pt1—rmn (%) is the global mazximum. Summing up, the inequality in (2.3.3) implies

Xn+1—7‘1n - Xr:n —_ 1 1-n — n
E A S Srntl—rn (5) =2 Z (Z>, (234)

i=r

which can be also written as (2 — 227™) Z;:& (?) The equality is attained by the symmetric
two-point distributions.

If the inequality in (2.3.3) is reversed, then Z, p41—rn has a local minimum at % and two
global mazima attained at two arguments 0 < uy < % < Uy = 1—uy <1 located symmetrically
about % Accordingly,

Xn —rm - Xr'n

A — < Er,n+1—r:n = Er,n+1—r:n (u2> )
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where uy s the unique solution to
E/r,nJrlfr:n (U) _ Br—27n—3(u) - Bn—r—l,n—S(u)
n(n—1)(n—2) r(n—r)
B R s
+1)(E+2)(n—i—1)(n—1—2)

i=r—2

=0

mn (O, %) This bound is attained by the families of two-point distributions where the probability
of one point is uy, and symmetric three-point distributions where the probabilities of the
extreme points are equal to uy, and the middle point has probability us — uy = 1 — 2uy.

Note that for %ﬂ <r < 5 we have (2i—n)2<n—2foralr<i<n-—r, and (2.5.4)
follows. However, the assumption is very restrictive, and (2.5.4) holds true for much greater
range of 2 <r < 3.

Table 2.2 contains numerical approximations of upper bounds for the differences of orders
statistics X, — Xy, 1 <7 < s < n from the samples of size n = 12. Clearly, the bounds
increase with respect to s and decrease with respect to r. The attainability parameters
increase both in the columns and rows. The differences are hardly visible if r is small and s
is large. However, if we added the extra row for » = 1 and column for s = n = 12, we would
note a rapid rise of the bound value to § = 6. These bounds are attained in the limit by the
two-valued distributions as the probability mass concentrates at one of them. It is seemingly
surprising that in the same way we obtain the zero lower bounds for all the cases except for
the sample range for which the strictly positive bound (here 2 — 2719 & 1.99902) is attained
by the symmetric two-point distributions. On the other hand, the distributions provide the
upper bounds for the rth quasi-ranges Xi3_,., — X,., ¥ = 3,4,5,6. The bound for the second
quasi-range Xi1.12 — Xo.12 is the unique among X, .10 — X120, 1 < 7 < 5 < 12, which was
determined by maximizing a bimodal function (the other ones were unimodal). Since the
function is symmetric as well its maximum was attained at two arguments. This implies that
this bound is attained by three families of distributions: one symmetric three-point, and
two two-valued. We also observe that the bound values are symmetric about the opposite
diagonal of the Table, and the respective probability mass parameters sum up to 1. This is
an implication of the analytic identity =, s.,,(¢) = Epi1-sntr1—rm(1l — u).

2.4 Selected L-estimates

We start with studying trimmed means

n+1—r

- 1 n
T, = ti Xy = ———— Xin, 2<r<—, 2.4.1
; ' n+2-—2r ; " 2 ( )
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Table 2.2: Upper bounds on expectations of differences of order statistics EXsn—Xnn

forl<r<s<n=12.

A

. 53 4 5 6 7 8 9 10 11
2 [[ 1.27849 | 1.83618 | 2.09697 | 2.21157 | 2.25382 | 2.26531 | 2.26740 | 2.26766 | 2.26768
0.1 0.13403 | 0.16299 | 0.18594 |0.20092 | 0.20753 | 0.20921 | 0.20947 | 0.20949
0.79051
3 0.73820 | 1.20639 | 1.50697 | 1.69613 | 1.81078 | 1.87784 | 1.92285 | 2.26766
0.2 0.24177 | 0.28167 | 0.32080 | 0.36049 | 0.40450 | 0.5 0.79053
4 0.55033 | 0.96871 | 1.28553 | 1.52411 | 1.70801 | 1.87784 | 2.26740
0.3 0.34582 |0.39203 | 0.44130 |05 0.59550 | 0.79079
5 0.47298 | 0.87858 | 1.22461 | 1.52411 | 1.81078 | 2.26531
0.4 0.44871 | 0.5 0.55870 | 0.63951 | 0.79247
6 0.45117 | 0.87858 | 1.28553 | 1.69613 | 2.25382
0.5 0.55129 | 0.60797 | 0.67920 | 0.79908
7 0.47298 | 0.96871 | 1.50697 | 2.21157
0.6 0.65418 | 0.71833 | 0.81406
8 0.55033 | 1.20639 | 2.09697
0.7 0.75823 | 0.83701
9 0.73820 | 1.83618
0.8 0.86597
10 1.27849

0.9
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and Winsorized means

- r 1 — r n—1
W, = Wi Xy = —Xpip + — Xim + =X, —rin 2<r< )

which are popular location estimates. In order to omit analyzing numerous special cases, we
decided to focus on the most popular central versions.

2.4.1 Trimmed means

In the case of trimmed means, we introduce polynomials
n—2
Egry(u) = Z a;(t(r)) Bin—a(u), (2.4.2)
i=0

) = Y (k) B s(w) (2.4.3)

with coefficients (cf (2.1.1) and (2.1.5))

2(:,—;’1,1)7 ’iZO,...,T—Q,
(¢ _ (n=1)(r—1) n—2i—2 =1 —r—1
a;(t(r)) = 20#2-2) D (n=i-1)" t=r yee, T 3
—m, t=n—r...,n—2,
and
a;(t(r)) = (n—2)[ai1(t(r)) — ai(t(r))]
[ oleD) 0<i<r—3
2(n—i—1)(n—i—2)’ =t > )
(n—1)(n—2) (r—1)(n—2r) 1

_ 2 rr—2rner)  nogi|c =T —Zn-or—1 (2.4.4)
(n=D(n=2)(r=1) __ 4G="3%)%+n’~1 1 << 9 T
T A2 ()1 (n—i—Dm—i—2p T AN TT 24
(n—1)(n—2) ner<i<n_3

L 20+1)(i+2)

specified by (2.4.1).
Proposition 4. If r = 2, then
1 EL—p 1
S el S O G
2= A T2
The lower and the upper bounds are attained in the limit by the two-point distributions such
that the probability of the smaller point tends to 1 and 0, respectively.
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If r > 3, then (2.4.3) has exactly two zeros 0 < up = ui(r) < 3 <vy =vy(r) =1—u < 1,
mutually symmetric about 5, and then

— —_ ]ETT‘ Y —_
—Eun (W) = By (01) < — < Eeny ().

The lower and the upper inequalities become equalities for the two-point distributions such
that the probabilities of the greater and smaller points, respectively, amount to .
It follows from the proof that for r > 3 the upper bounds are greater than i and the

2
lower ones are less than —%.

Proof. Due to Theorem 2, it suffices to find the global extremes of (2.4.2) over the interval

[0, 1]. To this end, we consider its derivative (2.4.3). By Lemma 1, analysis of signs in (2.4.4)
is helpful. For r = 2, the first and last rows do not appear. The second one

m—1)(n-2) n—4 1 n? —3n +4
(t(2)) = 2 om—22 n—1|_  4(n-2)

is negative, because so is the discriminant of the quadratic numerator in the last fraction.
The elements of the third row are negative for n > 5, and do not appear for n = 4. Therefore
a(t(2)) € R"7?, (2.4.3) is negative, and (2.4.2) is decreasing from Zg(,(0) = ao(t(r)) = 1 to
E¢r)(1) = an—a(t(r)) = —1. It suffices for deducing the first statement of the Proposition.

If r > 3, then the elements of the first and last rows in (2.4.4) are positive, and those of
the third one are negative for n > 2r + 1. It may happen, that n = 2r, then the elements
of the second row in (2.4.4) are obviously negative. So we can conclude that the elements
of (2.4.4) are first positive, then negative and eventually positive. The VDP implies that
(2.4.2) is either increasing on the whole (0, 1) or first increasing, then decreasing and finally
increasing there. The first possibility is excluded by the relations

Zin(1) = aualt(r) = —5.

So it increases from % to the global maximum = T)(ul) > % then decreases to the
global minimum =g, (vy —% and ultimately increases to —% at 1. Symmetry of coeffi-
cients t;(r) = tpi1-i(7), 1,...,n, implies Z¢y(u) = (1 —u), 0 <u <1, and, in

consequence, u; = 1 — vy with Zg(, (ul) = —Z¢(r)(v1). This ends the proof. O

t 0t
) <
’L:
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2.4.2 Winsorized means

Evaluating bounds for the Winsorized means we study the following linear combinations of
Bernstein polynomials

n—2
Ewin(u) = a;(W(r)) Bin-2(u), (2.4.5)
=0
n—3
Zwm (W) = Y ai(w(r)Bin-s(u), (2.4.6)
i=0
with the coefficients
ey, (=0 —2
a;(w(r)) =< 0, i=r—1,...,n—r—1,
—22.—111), i=n—-r,...,n—2,

and

a(w(r)) = (n=2)am(w(r)) — ai(w(r))]

(n—1)(n—2) :
2(7_f_1)1()(’1_2§_2)’ 1=0,...,7 =3,
_ ] i t=r—2Zn-or-l (2.4.7)
0, t1=r—1,...,.n—r—2,
(n—1)(n—2) L
W, Z—n—T,...,n—S,
Proposition 5. If r = 2, then
1 EW,—p 1
B A L
2~ A -2

and the lower and the upper bounds are attained in the limit by the two-point distributions
such that the probability mass of the smaller one tends to 1 and 0, respectively.
Otherwise (2.4.6) has exactly two zeros 0 < uy < % and v =1 —uq, and

—_— —_— EWT - —_ 1
—Ew(r)(u1) = Ewe (v1) < TM < Ew(w) > 5.
The equalities in the left- and right-hand side inequalities hold for the two-point distributions

such that the probability of the greater and smaller point, respectively, is equal to uy.
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Proof. If r = 2, we can omit the first and last rows of (2.4.7) in our analysis. Vector a(w(r))
has two identical negative values at the ends, and zeros in between. It follows that (2.4.6) is
negative and (2.4.5) is decreasing on (0, 1). Its extreme values are

Zun(0) = aow(r) =, (2.4.8)
1

Zun(1) = ana(wlr) =3, (2.4.9)

For r > 3, the elements of sequence (2.4.7) are subsequently positive, negative, zero,
again negative, and finally positive. It follows that (2.4.5) is either always increasing or
subsequently increasing, decreasing, and increasing. Since (2.4.8) and (2.4.9) hold, the first
option is false. Therefore (2.4.5) first increases to the global maximum at u;, then decreases
to the global minimum at v, and then increases to —% at 1. Its symmetry causes that
v =1 —uy, and Ey ) (v1) = —Ewe)(u1). O

2.4.3 Differences between trimmed and Winsorized means

Finally we evaluate the expected differences between the rth central trimmed and Winsorized
means 1, — W,, 2 < r < "T_l in the Gini mean difference units. Here we use linearity of
operators described in Remark 3.

Corollary 1. For 2 < r < "T_l, polynomial E;(T) — E:N(T) has two zeros 0 < u; < % and
vy = 1 —uy, symmetric about % and such that

— — E(T, -W,)  _ _

=t(r) (Ul) - Sw(r) (Ul) S T S () (U1> — Sw(r) (U,l)7

and Zgry (V1) — Ewr) (V1) = Ewe)(u1) — Sy (u1). Moreover, the lower and upper bounds
become equalities for the two-point distributions such that uy is the probability of the greater
and smaller points, respectively.

Proof. Referring to Remark 3, we easily determine the coefficients of Z¢(,y — Zw() and its
derivative in the Bernstein bases:

0, 1=0,....,7r—2,n—1r,....,n—2,

a;(t(r)) —ai(w(r)) = { (n=1)(r—1) _ n—2i-2

2(n+2-2r) (i+1)(n—i—1)’

t=r—1,....n—r—1,

and

ai(t(r)) — ci(w(r))
0, 1=0,....,.r—3,n—r,....,n—3,
(n—1)(n—2)(r—1) (n—2r)
= 2(n+2-2r)  r(n—-r)’
(n—1)(n=2)(r—1)  4(G-"5%)24n?—1

e Gy L=r—Len—r =2,

1=r—2,n—r—1,
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Table 2.3: Upper bounds on expectations of trimmed means ETK“ , Winsorized means %
and their differences w for r =2...,15 and sample size n = 30.
T, W, T, — W,
r || bound ‘ Uy bound ‘ Uy bound ‘ Uy
21 0.5 0 0.5 0 0.14073 | 0.06012
3 || 0.50084 | 0.00344 | 0.50032 | 0.00128 || 0.18472 | 0.11091
4 | 0.50682 | 0.02151 || 0.50358 | 0.01108 || 0.21072 | 0.15652
5| 0.51701 | 0.04765 || 0.51011 | 0.02794 || 0.22783 | 0.19822
6 | 0.52995 | 0.07743 || 0.51918 | 0.04923 || 0.23850 | 0.23652
7 | 0.54495 | 0.10880 || 0.53038 | 0.07360 || 0.24315 | 0.27157
8 || 0.56162 | 0.14060 || 0.54355 | 0.10029 || 0.24116 | 0.30329
9| 0.57969 | 0.17202 || 0.55866 | 0.12884 | 0.23110 | 0.33137
10 || 0.59887 | 0.20238 || 0.57578 | 0.15894 || 0.21082 | 0.35525
11 || 0.61881 | 0.23104 || 0.59506 | 0.19038 || 0.17795 | 0.37431
12 || 0.63897 | 0.25724 || 0.61671 | 0.22300 || 0.13967 | 0.38837
13 || 0.65839 | 0.27992 || 0.64095 | 0.25649 | 0.07768 | 0.39793
14 || 0.67536 | 0.29762 || 0.66694 | 0.28827 || 0.02766 | 0.40377
15 || 0.68733 | 0.30885

The latter consists of a series of zeros, a positive value, a series of negative ones, again
the positive one, and zeros at the end. The zeros do not appear for r = 2. Anyway, this
implies that function Z¢(,) —Zw () is either increasing or increasing-decreasing-increasing. The
former is impossible, because Z¢ () (0) = ZEw(r) (0) = ao(t(r)) —ao(W(r)) = Z¢ (1) —Ewr) (1) =
Ap—2(t(r)) —an—o(w(r)) = 0. Consequently, the function has the global maximum at the first
zero uy of its derivative, and the global minimum at the latter one v; = 1 — uy, owing to its
symmetry. This completes the proof. m

In Table 2.3 we numerically compare the upper bounds on expectations of trimmed and
Winsorized means and their differences for the samples of size n = 30. They are accompanied
by the parameters characterizing the two-point distributions attaining them. The lower
bounds are the negatives of the upper ones, and their attainability parameters are symmetric
with respect to % We start with some intuitively clear observations. The bounds for the
trimmed and Winsorized means increase as so does truncation level r. This happens because
with increase of r these L-estimates more and more differ from the sample mean whose
expectation is . The bounds for the differences 7T, — W, first increase and then decrease.

For small r, statistics T, and W, do not differ much one from the other (and from the sample
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mean). Then the differences steadily increase till r = 7 =~ 7 for which both T, and W, are
constructed on the base of an approximately half of the sample. When r further increases, T,
and W, approach one the other, and finally we get T75 = W5 (this is the reason why we have
not filled four cells in the last row of Table 2.3). However, we also observe the following. The
upper bounds for the trimmed means are always greater than the other ones. The respective
probabilities asserting attainability lie between those for differences and Winsorized means.
These facts follow from our analytic considerations. The bounds are the maxima of certain
positive polynomials over the interval [0, %] The polynomials for T, are the sums of those
for W, and T, — W,.. So the bounds for T, are greater than each of the latter ones and less
than their sum. Mutual location of the characterizing parameters is also easily concluded
from our proofs. The polynomials we consider in the study of bounds for W, and T, — W,
are combinations of extreme and central Bernstein polynomials, respectively. These relations
could not be simply deduced on the basis of statistical intuition only.

2.4.4 Mean absolute deviation from the median

Now we proceed to mean absolute deviation from the median

n

1
MADX) = — X, — med(X
0= 3 1% = med(X)
which is a classic L-estimate of scale. Here

d(X) = Xons1 s if n is odd,
" N % (X%:n + Xg-s-l:n) , if nis even,

is the sample median so that we can write

n—1
1 2 1 n . .
-1 > ik Xim + - > it X, if nisodd,

n

1 2 1 n . .

—= > i Xim + 2 > inyy Xim, if nis even.
2

MAD(X) =

We have the following.

Proposition 6. Forn > 3
1 EMAD(X) 1
- < —— 2 <1 —-—Byn|,_ - .
2 — A — Lngn 1 (2)

The lower bound is attained in the limit for the two-point distributions such that the probability
mass of one point decreases to zero. The upper one becomes equality for the symmetric two-
point distributions.
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The upper bound for each odd sample size n = 2m + 1 coincides with that for the
proceeding even size n = 2m. Using the Stirling approximation of the factorial sequence we

note that the upper bounds tend to 1 at the rate 4 / . Since the sample Gini mean difference

< 2 -
A:— X, —Xi|=—— 2t —n— 1) X
n(n—1) Z' i (n—UZ(Z n L)X
1#£] i=1
is an unbiased L-estimate of A, we can treat the result of Proposition 6 as a comparison of
expectations of MAD(X) and A. This shows that the former is always less. Moreover, the
upper evaluation of the ratio depends on the sample size n of M AD(X), and we can take

any size m (greater or less than n) for calculating A. The lower one depends neither on n
nor on m.

Proof. 1If n is odd, we immediately calculate

n—1 - n—3
o 1)’ 1=0,...,%55,
a; = n—1 . n—1

m7 Z:T,...,TL—Z
(n—1)(n—2) . b
2(n—i—1)(n—i—2)’ Z_O’”"T7
R =g
(n—1)(n—2) s |
_m’ Z_Tw“;n_?).

By Lemma 1, Z.(u) is first increasing and then decreasing in (0,1). By Remark 2, it is
symmetric as well, and so

R — _ 1
i, Ze(u) = Ze(0)=ag=Zc(1) =a,o= 3
n—3
1 2 —1 1 < n-1 1
max Zq(u) = EZc.| = | = n—.Bz’ n—2| 35|+ n.—Bz' n—2 |5
0<u<l1 2 —~2n—i-1) 7 2 = 2i+1) 2
="
n—3
. 1
= Zan 1( > Z an 1<_>:1_B"21,n1 (5)
=0 n+1
For even n, the formulae are slightly modified
n—1 . n
a = m, ’L:O,...,i—l,
i T n—1 S () 2
VL i=5,...,n =2,
(n—1)(n—2) . n
, S mi) =0y =2
U (ERCECH GRS 1T S e
2(i+1)(i+2) 2 R ;
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Table 2.4: Upper bounds on expectations of MAD for various sample sizes n.
n 2,31 4,5 6, 7 8,9 10, 11 50, 51 | 100, 101 | 200, 201
bound || 0.5 |0.625|0.6875|0.72656 | 0.75391 | 0.88772| 0.92041 | 0.94365

but the arguments remain the same, and lead to the conclusions

. - I B 1
in, Ee(u) = Ec(0) =ag=Ec(l) =ap 2= 3
n_q ne
= () /1 "'Z n-1_ AW 2 n—1 5 1

max Z.(u) = Z.| =] = ————Dbin2| = ———Din2l| =
0<usl 2)  Z2n—i—-1) N2 T 23+ 1) T2

Eiy 1\ o 1 1

= Z in—1 (5) + Z Bin-1 (§> =1~ Bg n—1 (5)
1=0 i=5+1

[]

We present several exemplary values of upper bounds for MAD for various sample sizes
in Table 2.4.
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Chapter 3

Bounds on the variances of L-statistics

We consider i.i.d. random variables X7,..., X, with a positive and finite variance. Under
the assumptions, we determine upper bounds on the ratios Var (3, ¢;X;.,) /Var X; for
arbitrary coefficients ¢y, ..., ¢, € R of the combination. Then we present sufficient conditions
assuring sharpness of the bounds. Further we determine assumptions under which the lower
bounds on the variance ratios amount to zero. We also describe the families of two-point
distributions which attain the bounds, possibly in the limit. In the sequel, we recall results
of Papadatos (1995) who determined sharp upper and lower bounds on the variances of
single order statistics. Then we provide analogous results for spacings S;., = X;11., — Xin,
i =1,...,n— 1. Finally, we determine tight upper bounds for variances of arbitrary linear
combinations of spacings based on three observations.

There are quite few research papers about bounds on variances of order statistics. In that
mentioned above, Papadatos (1995) determined sharp lower and upper bounds on variances
of single order statistics, expressed in terms of the single observation variance units. The
upper bound for the special case of sample median was earlier presented in Yang (1982), and
its tightness was proved by Lin and Huang (1989). Papadatos (1997) refined these results
for the families of symmetric parent distributions. More precise solution to the problem was
presented in Jasinski and Rychlik (2013). Much earlier, lower and upper bounds for the
variances of sample extremes were delivered by Moriguti (1951). By now, there were not
known respective evaluations for variances of combinations of two and more order statistics.
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3.1 General L-statistics

For arbitrary non-zero ¢ = (cy,...,¢,) € R", we define
n—1 n i+1 n—1 n n
) = [t () ] [5505 (3 en) s
1=0 ‘ j=0 n—Jj m=j+1
n—2 n—2 n(n . 1) i+1 n
— >~ : a )| D em | Bijmoa(w,v). (3.1
i=0 j=i (i +1)(n—1-7) (k:l ) <m=j+2 )
Since
0, 1< 7,
Bun(u U) { an(u)7 ZZ]»
we have
n—1 n i+1 n—1 n
Qc(U) = q)c(u7u) = [ZZ+1 (ch> 1,m— 1 ] [Zn ( Z Cm) Bj»nl(u)]
1=0 k=1 J m=j+1
n—2 n(n . 1) i+1 n
(i (n—1-1) (;C’“><ZC> n=2(t) (3:1.2)
= = m=i+2
Theorem 3. Let Xy,..., X, bei.i.d. with a finite and positive variance. Then for arbitrarily
fixed non-zero ¢ = (cy,...,¢,) € R, we have
Var(> ", ¢iXin)
= — < sup  Pe(u,v). 3.1.3
Var X, - 0<u§1v)<1 (4, 0) ( )
If
sup  Pe(u,v) = sup We(u), (3.1.4)
O<u<v<l1 O<u<l1
then bound (3.1.3) is sharp. Moreover, under notation
0, z=<a,
Fuz)=4¢ u, a<z<b, (3.1.5)
1, = >0,

the following yields.

(1) If supgcye1 Vel(u) = We(ug) for some 0 < ug < 1, then the bound is attained when the

parent distribution function is F,.
(1t) If supgcyeq Ye(u) = We(0), then (3.1.3) becomes equality
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distribution functions (3.1.5) with u ™\ 0.
(111) If supgcyeq Ye(u) = We(l), then bound (3.1.3) is attained in the limit for the parent
two-point distribution functions (3.1.5) with v 7 1.

Proof. By (1.1.1), (1.3.3), (1.3.4) and (1.3.5), with F' denoting the parent distribution func-
tion, we have

Var(z ¢iXim) = Z caVar Xy, + 2 Z ckCm Cov(Xgny, Ximn)
i=1 k=1 k<m
- o[ { S art,(r) 1 - £, (F0)]
0<F(2)<F(y)<l \
n—1 n
+ 3 ke | B (F@) [1 = B (FW))]
k=1 m=k+1

- i > CkaZ_Zan(F(I)yF(y))}dfﬁdy
= 2 ¢, | Bin(F(z
//O<F(cc <F(y)<1{ Py (; ) ’ ( ( ))
x [Z( > m> Byu(F(y))
— X_:Z_: Ck) ( Z Cm> B”n(F(x),F(y))} dxdy

= 2 S (F(z), Fy))F(x)|1 — F(y)|dxd
//O<F(z)SF(y)<1 (@), Fu) )l (y)ldwdy

< max D¢(u,v)Var Xy,
0<u<v<1

which completes the proof of inequality (3.1.3).
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The above calculations show that for the two-point distribution function (3.1.5), we get

Var, (Z ci m) = W, (u) Var, X7, (3.1.6)

because u is the unique value of F,(x) and F,(y) except for 0 and 1. Accordingly, under
(3.1.4) and condition (i) of Theorem 3, the upper bound is attained if the baseline distribution
function is F,,. Attainability of the bound in cases (ii) and (iii) follows from (3.1.6) and
continuity of (3.1.2) on [0, 1]. O

Theorem 4. Under assumptions of Theorem 3, if cic,, = 0, then bound

Var(> ", ¢iXin) -0
VYar X; -

is sharp. If c; =0 (¢, =0, respectively), then the equality is attained under conditions of of
Theorem 3(i1) ((iii), respectively).

Proof. We first note that ¥.(0) = nc? and V(1) = nc2. Therefore, if ¢; = 0, then under the
procedure described in Theorem 3(ii) we obtain

. VarOD, ¢iXim)
| i=1 = lim W, . (0).
u{% Var X, ulgtl) (w) = 7(0)

Similarly, we treat case ¢, = 0. O]

3.2 Single order statistics

Let c(k) = (0,...,0,1,0,...,0) € R™ be the vector with only non-zero element equal to 1
located at position k € {1,...,n}. Then obviously >, ¢;X;,, = Xj.,, whereas function
defined in (3.1.2) has the form

W (1) = [zn; (ZL) Y1 — )" ] ri( ) )= H] L 0<u<l (321

Papadatos (1995) showed that for 1 < k < n yields

Varx, = a2e Yoo (1) = e (uo), (3.2.2)
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where uy = ug(k,n) € (0,1) is the unique zero of the derivative of (3.2.1). In fact, he
determined more precisely location of ug proving that ug € (p1,p2) C (0,1), where p; =
p1(k,n) and py = pa(k, n) are the only maxima of functions [1—FY (u)]/(1—u) and FY, (u)/u,
respectively, in interval (0,1). By Theorem 3(i), the equality in (3.2.2) holds for the two-
point distribution functions (3.1.5) with u = ug. For the case of extreme order statistics,
Papadatos (1995) noted that

Var Xi., B -
Var X; — 0213%(1 Yoy (u) = Ye)(0) = n,

Var X,,., B B
Var Xl - 0213%(1 qjC(”)(“) - lIIc(n)<1> =n.

Conditions of the above bounds attainability are described in Theorem 3(ii) and (iii), respec-
tively.
Note also that for all n € N we have

Uey(0) = 0, k=2,....n,
\Ifc(k)(l) = O, k‘:L‘..,n—l.

Thus evaluation
Var X,
>0

VYar X; —

is tight for all k£ € {1,...,n} and n > 2. The equality is attained for k¥ = 1 and k = n under
conditions of Theorem 3(iii) and (ii), respectively. For all other k, both procedures lead to
the trivial zero bound.

3.3 Spacings

Spacings S;., = X,;11..» — X;., play important roles in various problems of statistical inference
and other branches of applied probability. Comprehensive discussions of their properties
and applications are presented, e.g., in Pyke (1965, 1972) and David and Nagaraja (2003).
Various evaluations of the expectations of spacings were presented in the literature. The
first ones are due to Moriguti (1953) who derived sharp bounds on expected spacings in
the population standard deviation units. Raqgab (2003) presented optimal upper bounds
on the expectations of spacings in more general scale units, generated by central absolute
populations moments of various orders p > 1. Danielak (2004) extended these results to
arbitrary quasi ranges, i.e., differences of order statistics Xj,, — X, 1 < i < j < n.
Kozyra and Rychlik (2017a) obtained tight lower and upper bounds on the differences of
expected order statistics measured in the Gini mean difference units. More stringent standard
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deviation bounds in the restricted families of decreasing density and decreasing failure rate
distributions were determined by Danielak and Rychlik (2004). More general families of
distributions with decreasing density and failure rate on the average were studied in Danielak
and Rychlik (2003). Recently, Goroncy and Rychlik (2015,2016) presented analogous results
for the distributions with increasing density and increasing failure rate functions, respectively.
A first attempt of evaluating the expectations of spacings in finite populations was due to
Loépez-Blazquez (2000). Rychlik (2004) determined sharp upper bounds on the expectations
of all quasi-ranges in the classic model of drawing with replacement. Similar results for the
drawing without replacement scheme can be found in Papadatos and Rychlik (2004). Lower
bounds for the spacings from the drawing with replacement model were presented by Goroncy
and Rychlik (2009). Analogous results for the without replacement drawing scheme can be
concluded from Goroncy and Rychlik (2008). All these bounds amount to zero except for

the case i = 1, n = 2, for which we have ES7., > 2 [(N*l)p%} v (E| X, — EX,|")"/?, where
p > 1 and N denotes the population size.

This section is devoted to evaluations of variances of spacings. Put c(i,7 + 1) = c(i +
1) —c(i) = (0,...,0,—1,1,0,...,0) for some 1 < ¢ < n—1and n > 2. The vector
has —1 and 1 at positions ¢ and ¢ + 1, respectively, and zeros elsewhere. Then clearly
2?21 ¢j(i,1+ 1) X = Xiy1:n — Xisn = Siin, and function (3.1.1) can be written as

B (1, 0) = B isn) (1, 0) = (TZ) w1 — )it {1 - (") vi(l — u)"_i] (3.3.1)

2

Here and later on we replace subscript c(i,i + 1) by i : n for convenience. We further obtain

W (1) = Dy (u, 1) = CL) w1 — )i {1 - <") wi(1— u)“} . (3.3.2)

]

Then we have

0<uvs Pin (1, 0) = 0201 Wi (),

because for fixed u € (0,1) the function ®;.,,(u,v), u < v < 1, is the product of two positive
and decreasing functions of v. In consequence, we derive a straightforward conclusion of
Theorems 3 and 4.

Proposition 7. For arbitrary fired 1 < i < n < oo, the bound

VYar S;.,,
— K . LO.
Varx, = q2ax Vin(u) (3:33)

is sharp. If maxo<y<i Vin(u) = Win(ug) for some ug = ug(i,n) € (0,1), then the upper
bound in (3.53.8) is attained iff the parent distribution function is (3.1.5) with u = wug. If
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maxg<y<i Vin(u) = Uin(0) (Vin(1l), respectively), then this is attained in the limit by the
parent distribution functions (3.1.5) with u L 0 (u T 1, respectively).
For 1 <i<n >3, the trivial bound

Var S;.,,
>0
VYar X; —

is sharp, and becomes equality in the limit for the parent distribution functions (3.1.5) with
ul 0 whent>2 and u?1 1 wheni <n— 2.

Remark 6. Note that

By Lemma 1, V;.,(u) > 0 foralln > 2,1 <i<n—1andu € (0,1). Moreover, V;.,(u) =0 if
eitherv>2 andu =0 ort <n—2 andu = 1. This observation is intimately connected with
the tight zero lower bound of Proposition 7 . Also, relation V., (u) = V,,_;.,(1 — u) together
with (3.8.3) imply that the upper bounds for the variances of Si., and S,_;.,, coincide. The
same conclusion for the lower bounds results from the last claim of Proposition 7 .

In Lemmas 5 and 6, we precisely describe maxima of (3.3.2) for various parameters i
and n.

Lemma 5. For everyn > 3

(1) function Wy, has a unique mazimum at 0, and V1.,(0) = n,

(73) function V,_1., has a unique mazimum at 1, and V,,_1.,(1) = n.

Proof. We first focus on the case ¢ = 1 and show that Wy, is strictly decreasing on the

interval [0, 1]. Consider
Wi (1) = (1 = )" *hyn(u),

where
hin(u) =n(1 —u)" '2(n — Du—1] —n+2.

Observe that hy,(0) = —2(n — 1), hy (1) = —(n — 2) and

/
hl,n

(u) = n(n —1)(1 —u)""%(3 — 2nu),
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which implies that A, is increasing on [0, %} and decreasing on [%, 1]. We show that

3 3\"
2n—3 _( 2n e -
n-2 \2n-3)  "=7
By the Bernoulli inequality,

on \" 3(n—1) 5n—6
>1 — > 2.
<2n—3) T3 Tam—y "7

which means that

It remains to notice that % > 2::23, which is equivalent to (n — 1)(n — 3) > 0, n > 3, and

verifies desired claim. Summing up, we have h,(u) < 0 and ¥/ ;(u) < 0 for all 0 < u < 1
and n > 3, which implies that

max Uy, (u) = ¥y.,(0) = n, n > 3.
u€(0,1]

The conclusion for i = n — 1 follows from the relation ¥;.,(u) = ¥, _;.,(1 — u) and the
previous statement. ]

Lemma 6. Firn > 4 and 2 < i < n — 2. Function (3.3.2) has either a unique local
and global mazimum or two local maxima and one local minimum between them. The local
extreme arquments are the only zeros of the polynomial

hin(u) =[2(n — Du —2i+ 1]B; ,(u) —u(n —2) +i — 1. (3.3.4)

Let ug = ug(i,n) denote the global mazimum point.
Then ug(2,4) € {4 = %8 + 38,1 1+ 58 — B and Wy.y(ug(2,4)) = 22 ~ 0.94281.

2 62
For n > 4 yields

(i) ifi <% (i>%), then up(i,n) < 5 (uo(i,n) > 1, respectively),

ii) if n > 6 is even, then uo (2,n) = % and
2 2

(- ()2
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Proof. For given n > 4 and 2 <i < n — 2 we have:

n\ . o n\ ui2(1—q )21 L
W (u) = (z)“ 2(1 — )2 hi,,L(u):(i) <n+i S @501 Bjen () (3.3.5)
7=0

(cf. (3.3.4)), where

—2(n — 1)1, if j =1,
Ajnt1 = 2(n — Z)Z, lfj =1+ 1, (336)
(it—1)(n+1)—j(n—2), otherwise.

Since 2 < i < n—2, the arithmetic sequence @;,+1 = (i—1)(n+1)—j(n—2), j € {0,...n+1},

decreases from ag,11 = (i —1)(n+1) > 0 to @pt1p41 = —(n+1)(n —1 —1¢) < 0. For any
fixed i € {2,...,n — 2}, if we replace any pair @; n+1, Gi+1n+1 by arbitrary a < 0 and b > 0,
we obtain another sequence with consecutive signs + — +— (we suppressed here multiple
pluses and minuses, and dropped a possible zero at j = %) This holds true for

(3.3.6), in particular. By Lemma 1, U,,, is either first increasing and then decreasing or it is
consecutively increasing, decreasing, increasing and ultimately decreasing.

We now treat the case i = 2, n = 4 with use of standard calculus tools. By (3.3.5),

U (w) = (2u—1)[18u*(1 —u)? — 1] = (2u — D[3v2u(1 — u) — 1][3v2u(1 — u) + 1]
V6 V3 1, V6 V3 1
= 108( —§+?+7) (“ 5*?‘?) (“‘5)

(u_g_\/é f)(u 1 V6 ﬁ)
. .

6 ' 6

X

ad+\[ ‘[

6
_3
6

Hence the derivative W), , restricted to [0, 1] has three zeros at %, %—
Moreover W), ,(u) > 0 iff either u € <0, 1 f + f) oru € (%, I+

of the function about %, we get

1 V6 V3 V6 V3 2v2
max \112;4(1,6) = \1[2;4 <— - — ) \112;4 (2 ? - 7) = T ~ 0.94281.

ﬂ&@h

> By symmetry

u€[0,1] 2 6 6
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(i) Now we proceed to n > 5. Observe that

Uin(u) = (ZL) w1 —u)n zn: (?) W (1 — u)" (7;) W — )

i En—i
- (uo-wa—w 3 (ea-ws (1) -
and o
Uin(l—u) = (’;)[uu—u)}“u“% i (?)uﬂ‘u—u)"j+(’;>2[u(1—u)]"1.
i En—i

In consequence,

n

Wy (u) — Won(1 — ) = (’;) (1 — w)]i! Z (?) W (1 — u)" (1 — u)"% — %),
i) En—i

The sign of the difference is identical with that of the expression in square brackets. Therefore

for i < % this difference is positive on (0, 3) and negative on (3,1). If i > 2, the signs are
reversed. This immediately implies our claims.
n

(ii) Suppose finally that n > 6 is even and i = §. Due to (3.3.2), W=z, is symmetric

about %, and \If%n(%) is a local extreme. We prove that this is a maximum, verifying that

\If’é n(%) < 0. Using ¢ = § for simplicity of notation we have

20)![u(1 — )]~
v ) = O — DI i~ 1) (di? — diu— 6u i+ 6u — 2)
7!

— 2u*(1 —w)"(20)!(2i — 1)(4iu® — div — 3u® + i + 3u — 1) |,
1 (20)! .
‘I’g:zz'(i) = Wh(l),

where

h(i) = 47"(20)!1(20 — 1) —i!%(i — 1)
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determines the sign of \112’21(%> We shall prove that h(i) < 0 for ¢« > 3 by induction. We

check that h(3) = —% and assume that h(i) < 0 for some i > 3 which is equivalent to

(2:) 4= (2 + Z_%) < 1. We show that the relation holds for i + 1 as well. Indeed,
20+ 2 , 1 21 , 1\ 20+1
A e (o) = (T (2o )
i+ 1 i i i) 2(i+1)
2i , 1 21 +1 21 , 1
47 (2 47 (2 1
(z) (+i—1)2i+2<<i) (+¢—1)< ’

by the inductive assumption. This ends the proof. O]

We are not able to arbitrate theoretically which functions Wi, 2 < i < n — 2,4 # £,
have one and two local maxima. Also, in the latter case, we not have tools for deciding if
both the local maxima are located in the same half of the unit interval. Numerical analysis
of functions (3.3.2) for small n shows that two maxima appear only for i = 2, n = 4
(see Lemma 6). If n increases, the possibility of two maxima becomes less likely. Note
that (3.3.2) can be represented as a linear combination of Bernstein polynomials B;o,—o,
j=1i—1,...,20 —2,2i,...,n+1i— 1, with positive coefficients. The full such combination
with j=i—1,...,n+4— 1 amounts to (7)u’"*(1 — u)"~"~! is certainly unimodal. It seems
that removing one component with 7 = 2¢ — 1 does not violate the property, and becomes
almost negligible, especially for large n.

Using Lemmas 5 and 6 we are able to specify general result of Proposition 7 for particular
1<i1<n-—1andn > 2. Only case i = 1 and n = 2 described in Proposition 8 needs an
additional justification. Propositions 9 and 10 are direct conclusions of Proposition 7 and
Lemmas 5 and 6.

Proposition 8. We have

The lower inequality becomes equality iff X1 and Xo are uniformly distributed.

Writing here and later that X’,‘ZJT—% < (>)W;.n(up), we mean that the upper (lower, re-
spectively) bound amounts to ¥;.,(ug) and is attained by the two-point distribution (3.1.5)
with © = ug if 0 < ug < 1, and in the limit by a sequence of F,, with u — ug if ug = 0 or
ug = 1. We use the convention for the sake of brevity.

Proof. The upper bound is evident by Proposition 7 , since

Upo(u) =21 —2u(l —u)] =2 —du+4u?, 0<u<l,
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attains its maximal value 2 at 0 and 1. In order to establish the lower one, we first recall
formula due to Irvin (1925)

est=2(7) /[ P = P sy

representing the second raw moments of spacings (see also Jones and Balakrishnan, 2002,
formula (3.4)). This together with (1.3.3) imply that ES?, = 2Var X;. Accordingly, the
problem of minimizing

Var 51:2 ES%Q
=2— —= 3.3.7
Var X; VYar X; ( )
|E S1:2]

is dual to that of maximizing Far ko We focus on the later one. Suppose that X;, X, are
independent, and have a common distribution function F' with mean

1
= / F\(2) dr,
0

and finite and positive variance

Then
ESio = E[F_I(UM) - F_I(Ulﬂ)] = /R[F_l(x) — pf[faa(7) = fra(z)|dz

where Uj.9 and Us.9 denote the minimum and maximum of two i.1.d. standard uniform random
variables, and

[ 21-2), f0<z<],
fra(z) = { 0, otherwise,
faa(x) = { 0, otherwise,

stand for the respective density functions. By Cauchy-Schwarz inequality,

1

|E 51:2’ -

< \// 2d:c/01(2:c—1)2d:c—£0

48

[F7H (@) — (22 — 1)d




This is a special case of the classic bounds on the expectation of sample ranges due to
Plackett (1947), and together with (3.3.7), determine the lower variance bound. Observe
that the equality holds in the Cauchy-Schwarz inequality iff

FHz)—p=al2r-1), 0<x<l, (3.3.8)

for some real . Since F'~! is nondecreasing and nonconstant function, a has to be positive.
Condition fol [F~Y(z) — p]?dr = o* implies that o = v/3¢. Hence, equation (3.3.8) uniquely
determines the quantile function of the uniform distribution on the interval [y — V3o, pu +
V3 0]. Clearly, changing parameters y and ¢ we obtain the uniform distribution on arbitrary
intervals. These distributions attain the lower variance bound of Proposition 8. O

Proposition 9. Ifn € NN [3,00), then:

0= \Ijlzn(l) < Yar Sin < \Ijln(o) =n,

— Var X1

ar Sp—1:n
0= \Ijn—l:n(o) S VVar—Xl S \Iln—lzn(l) =n.

Proposition 10. Ifn € NN[4,00) and i € {2,...,n — 2}, then

= .. =v. (1) < < ..
O zn(()) z.n( ) =~ VCLT Xl =~ z.n(UO)a
where ug 1 described in Lemma 6.
In particular, for even n and i = %, we have
VYar 52.4 1 \/6 \/g
0=Ugy(0) =Toy(1) < ———= < Woy | = —
2:4(0) 24(1) < Var X, = 2:4 (2 +

+
VYar Sa., 1 n\ 1 n\ 1
0=Un,(0)=TUn, (1)< —2" < Uu, (=)= 1— — |, > 6.
g0 =Vl < g = Wy (2) ()2{ ()2} "

Table 3.1 presents numerical values of upper bounds W;.00(uo(7,20)) on variances of spac-
ings S;.o0 for samples of size n = 20 and 1 < @ < 10, together with respective arguments
uo(%,20) which describe the two-point distribution functions (3.1.5) attaining the bounds
in (3.3.3). Respective values for 11 < ¢ < 19 are immediately deduced from the relations
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. s : Var(Xi :n_Xi:n) - .
Table 3.1: Upper bounds on variances of spacings ——-5—==fors = 1,...,10 and n = 20.

1 UQ(Z, 20) qugo(UO(Z, 20)) 1 U (Z, 20) \Iflg()(uO(l, 20))
110 20 6 | 0.27038 0.75942
21 0.04347 3.25396 7 10.32794 0.67092
31 0.09792 1.71152 8 | 0.38537 0.61799
41 0.15502 1.17002 9 10.44271 0.58958
5| 0.21270 0.90714 10 | 0.5 0.58061

up(i,n) = 1 —up(n —i,n) and W;.00(u(i,n)) = Y, pn(uo(n —i,n)). We can see that if
increases from 1 to 10, then wug(4,20) increase from 0 to 0.5, whereas W;.99(uo(7,20)) decrease
from 20 to 0.58061. From Proposition 10 and the Stirling formula we deduce that the upper

bounds for the central spacings with i = 7 decrease to 0 at the rate 4,/ %T as n increases to

infinity. By Proposition 9, the respective bounds for the extreme spacings tend to infinity
faster.

3.4 Linear combinations of spacings based on three ob-
servations

Proposition 11 presented below shows that determination of bounds on variances of L-
statistics for general choices of combination coefficients is a difficult task.

Proposition 11. If X, X5, X3 are i.1.d. with a finite and positive variance, then under
notation S;3 = X113 — Xz, © = 1,2, for every ay,as € R bound
Var(a151;3 -+ a252;3)
VYar X,

is best possible. If |a1| > |az| (|a1] < |ag|, respectively), then the equality is attained under
conditions of Theorem 3(ii) ((iii), respectively).

< 3max{a?, a3}.

Proof. Cases a; = 0 and ay = 0 were solved in Proposition 9. Since Var(a;S1.3 + a252.3) =
a?Var(Si.3+aSy3) for a; # 0 and a = a2, it suffices to consider Var(Si1.3+aSs.3) for arbitrary
a € R\ {0}.
If c=(—1,1—a,a), then (3.1.2) takes on the form
Do(u,v) = (3—30)[1—3v(1 —u)?] + 3a’u[l — 3v*(1 — u)]
+ al6v — 6u — 9(1 — u)*v?* — Ju(l — u)v(l — v)].
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Note that this is a quadratic function in each w, v, and a. Our purpose is to calculate
maXxp<y<ov<1i <I>a(u, ’U).

We first show that we can exclude all the interior points of triangle 0 < u < v < 1. For
fixed @ > 1 and 0 < v < 1, quadratic function ®,(u,v), 0 < u < v, is convex, because

82

%q)a(u, v) = 18v(a — 1)[v(a — 1) + 1] > 0.

Accordingly,
O, (u,v) < max{P,(0,v), P,(v,v)}, 0<u<w.

Case a < 1 needs more elaborate arguments. Note that

82

5oz Pa(u,v) =18(u—1)(a = Dfu(a —1) +1] > 0

forsome0<u<1iffeither0<u<1With0<a<1or0<u§ﬁwitha<0. Under
these restrictions

D, (u,v) < max{P,(u,u), P,(u, 1)}, u<ov<l.

If a < 0 and ﬁ < u < 1, function ®,(u,-) is increasing-decreasing, and has the global

maximum at
3au? — 3au — 3u® + 2a + 6u — 4

6(a—1)(u—1Du(a—1)+1]
We show that vy < w which gives ®q(u,v) < ®y(u,u) when a < 0 and = < u < 1 and
u < v < 1. Relation vy < u is equivalent to

Vo =

(u—1)(a—1)[u(a — 1)+ 1]g(a,u) >0 (3.4.1)
where
2.3 _ 2 2 3,0 5, 3 3 2 2
g(a,u) = a*u’ — a*u® — 2au” + —au” +u — 5au = U +2u+§a—§.

Under the assumptions, the first three factors in (3.4.1) are negative, and it suffices to check
that g(a,u) < 0 then. Observe first that

5 2
g(O,u):u3—§u2—l—2u—§<0
iff
/17 + 12/2 1
6 6v/17 + 12v/2

+ > ~ 1.4246
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which implies that ¢(0,u) < 0 for all 0 < u < 1. Moreover

0 7 3
%g(a,u) = 2au® — 2au® — 2u® + §u2 —put 1/3>0

when
12u3 — 21u® 4+ 9u — 2

12u?(u — 1)
Since the right-hand side is positive for all 0 < u < 1, the proof of inequality vy < u is
complete. In conclusion, under condition a < 1 we obtain

a <

D, (u,v) < max{P,(u,u), P,(u, 1)}, u<wv<l.
Summing up, we proved that

max P, (u,v) = max {max{P,(0,u), Py(u, 1), P,(u,u)}}.

0<u<v<1 0<u<l

Now we exclude the last possibility proving that for all 0 < u <1

Wa(u) < Wo(0),  iffa] <1,
Va(u) < Wo(1),  iffaf =1,

where U, (u) = ®,(u,u) (cf (3.1.2)). The first inequality is equivalent to
3ul(3u® — 3u® + 1)a* — 6u(u — 1)%a — 9u® + 9u — 4] < 0.

The sign of the left-hand side is identical with that of the expression in the brackets. Since
the coefficient 3u® — 3u? + 1 associated with a? is positive for 0 < u < 1, and so is the
discriminant 4(6u® — 9u + 4) for all real u, the inequality holds true if

3ud — 6u + 3u — V6u2 — 9u + 4 cu< 3u? — 6u? + 3u + V6u? — 9u + 4
3ud —3uz +1 - = 3ud —3u?+1 '

The left- and right-hand side restrictions are for all 0 < u < 1 less than —1 and greater
than 1, respectively. Therefore relation (3.4.2) holds for all |a| < 1. Inequality (3.4.3) can be
rewritten as

3(u—1)[(3u® + 1)a® + 6u*(1 — u)a + 3u® — 6u* + 3u — 1] < 0.
By similar arguments, this is true when either

3u(u—1) —v6u?2 —3u+1

¢ = 3ud +1

92



or

S 3u(u—1) +v6u? —3u+1
- 3ud + 1 '
Since the right-hand side expressions range over [—1, 1) and [0, 1], respectively, when u > 0,
inequality (3.4.3) holds when |a| > 1 and 0 < u < 1.
Now we can focus on

a

D,(0,u) = 3[3(1—a)u*+2(a—2)u+ 1],
®,(u,1) = 3a[3(a— Du* —2(a —2)u—1].

$,(0,1) = —3a, a<—1,
Oglaz:l q)LI(Oau) = (Da(0,0) = 3’ -1 S a < 2a
SU= a—2 a’—a+1
P, (0’ 3 a—l)) T a—lJr , a2,
and
®,(1,1) = 3a?, a<—1,
$,(0,1) = —3a, -1<a<0,
2, 2alws 1) = La <3(G;__21 1) = 0<a<y,
@,(1,1) = 302 0>t

Summing up, we obtain

mauxl{rna,x{(ba(07u)7q)a(u7 1)} = { ga«),o) i 3, lqaf f 1,

0<u<

and

Var(&lslﬁ + a252:3) < a%\DUL(O) = 30%7 ’CL1| Z |a2‘7
VCL’I"Xl - a%‘lla(l) = 3&%, |CL1| < |a2|.
Since the extreme values of ®, appear at the vertices of the triangle hypotenuse, the variance

bounds are sharp for all the pairs a1, as € R. They are attained under conditions of Theorem
3(ii) and (iii), when |a;| > |az| and |a1| < |as|, respectively. O
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Chapter 4

Bounds on expectations of linear
combinations of £th records

Let X1, X5, ... be i.i.d. random variables with common continuous cumulative distribution
function F'. In this chapter, we determine sharp lower and upper bounds for expectations
of arbitrary linear combinations of respective kth records E [ZLI ci(Rik — u)], centered
about the population mean p = EX;, and expressed in the Gini mean difference units
A = E|X; — X5|. Moreover, we specify the bounds on the expectations of centered kth
records R, ; — i, and their differences R, — Ry k-

By now, various evaluations of E [}_7

i Ci(Rig — u)] for specific ¢ = (cq,...,¢,) were
presented in terms of scale units o, = [E|X; — ,u|7’]1/ P generated by pth absolute central
moments. The first result of this type was presented by Nagaraja (1978) who applied the
Schwarz inequality for getting sharp bounds on the expectations of the classic record values
expressed in terms of the mean p and standard deviation o, of the parent distribution. Ragab
(2000) used the Holder inequality in order to receive bounds expressed in terms of other scale
units 0,, p > 1. He also derived refined estimates of the records coming from symmetric
populations. Rychlik (1997) evaluated the expectations of record spacings E(R,,; —R,,—11) in
the general populations as well as under the restrictions to the distributions with increasing
density and increasing failure rate. Danielak (2005) generalized these results to arbitrary
record increments R, 1 — Ry, 1, n > m.

For general kth records, Grudzieni and Szynal (1985) obtained non-optimal evaluations in
terms of p and oy by direct use of the Schwarz inequality. Ragab (1997) applied a modification
of the Schwarz inequality proposed by Moriguti (1953) in order to get optimal bounds. Raqab
and Rychlik (2002) used both the Moriguti and Holder inequalities and calculated the bounds
measured in various o, units. Similar results for the differences of adjacent and non-adjacent
kth records were derived by Ragab (2004), and Danielak and Raqgab (2004a), respectively.
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Goroncy and Rychlik (2011) determined the lower bounds on the expectations of centered
values of kth records, and their differences expressed in o, units.

Ragab and Rychlik (2004) calculated optimal evaluations for the 2nd record values coming
from symmetric populations. Gajek and Okolewski (2003) provided the sharp bounds on the
expectations of kth records coming from the decreasing density and failure rate populations
expressed in the population second raw moments. Optimal mean-variance inequalities for the
expected kth record spacings from the above models were presented in Danielak and Raqab
(2004b). Second record non-adjacent differences coming from populations with decreasing
density functions were studied in Ragab (2007). Tight upper bounds for the kth record
values from the decreasing generalized failure rate populations were established by Bieniek
(2007). Klimczak (2007) calculated sharp bounds on the expectations of kth records and
their differences coming from bounded populations. They were expressed in the scale units
amounting to the lengths of the population support intervals.

4.1 Linear combinations of kth record values

By (1.2.5), for every n,k € N, the distribution function of the nth value of the kth record
coming from the standard uniform distribution is following

= [—kIn(1 — w))’

1!

Fli(w) = 1—(1—-uw)" , O<u<l, (4.1.1)

(]

1=0

whereas the composition F\, = F\, o F' is the distribution function of the nth value of kth
record coming from the populatlon with continuous distribution function F'. Below we use
the following notions

— k1n1—u)}

Eup(u) = (1—w)*! —1, (4.1.2)
Eog(u) = 5”2’“75 ), - (4.1.3)
foali) = f;ci@,m)
= (1-w" 1nzlbz+1 kln(@., Wiy, (4.1.4)
£ .
Sen(u) = n = (1) §°’§£“), (4.1.5)



where ¢ = (¢1,...,¢,) €ER" and b; = > . ¢j,i=1,...,n.

j=i
Theorem 5. Let X1, X,,... be an i.i.d. sequence with a common continuous distribution
function, expectation p = EX; € R, and Gini mean difference A = E|X; — Xs|. Let
Ry k, Roy, . .. denote the respective sequence of kth upper records, and assume that ER,, j, < oo.

Then for arbitrary ¢ = (c1,...,c,) € R™, with the notation (4.1.2)-(4.1.5), we have

< = [Z?ZI Ci(Ri’k — M)] < sup Ec,k(u)' (416>

O<u<l N A 0<u<1

Let F,, . denote the distribution function of the uniform random variable on the interval
l[a—L,a]. If the supremum (infimum) in (4.1.5) is attained at some 0 < uy; < 1, then the
upper (lower) bound in (4.1.6) is attained in the limit by the sequence of parent distribution
functions F,, = w1 Fp, o + (1 — uy)F,p for arbitrary a < b. If the supremum (infimum) is
attained there in the limit as uw ™\, 0 (u 1), then the upper (lower) bound is attained in the
limit by any sequence of distribution functions Fy, = umFrm o+ (1 — wp) Fpp as m — oo and
Um N\ O (u,, /1, respectively) whereas a < b.

Proof. We start with a useful representation of the expectations of record spacings. For
1<i<n-—1, we have

N e FY L (F(dr)) - / " r FY(F(da))

—00 —0o0

= /OO v ((Fipax — Fig) o F) (dx).

—00

Integrating by parts, we obtain

E(Riy1x — Rig) = x[F[ilk (F(x)) — FzUk (F(.CE))] "io
[ ) - R ) i

Since E(|R;x]) < 00, @ = 0,...,n, the first ingredient of the above sum is equal to 0 (note
that for z 7 oo, the difference of distribution functions can be treated as the negative of the
difference of respective survival functions). Thus, by (4.1.1), we have

E(Riy1p — Rig) = /oo [1- F(:E)}k [~ kIn(1 = Fz)]

—0o0

dz. (4.1.7)

2!
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We also note that Ry, = X1 and p = E(% Zle Xj) = E(% Zle Xj:k). Therefore

fn—1 k
1
E(R,xy—p) = E Z (Riy1h — Ri) — T Z(Xj:k - Xl:k)]

| i=1 =1
(n—1 1 ko j-1

= [E Z (RiJrLk — Rz,k) - E (Xl+1:k - Xl:k)]
| i=1 j=2 1=1
fn—1 k—1 E—1

= K Z (RiJrLk — Rz,k) — —(Xl+1:k - Xl:k)] .
| i=1 =1

We further use integral representations of the expected spacings

© /L _
E(Xps1 — Xi) = / (Z)Fl(:r) [1—F@) de,  1=1,... k-1, (4.1.8)
due to Pearson (1902) (see also Jones and Balakrishnan, 2002, formula (3.1)). In particular,
we have -

— 00

Combining (4.1.7) and (4.1.8), we write

B(R 1) = [ m{[l—mﬂ’“ - il )

= [ 2@ - F@)E(F)
where

_ - w1 A [kln(1—w)) 1 &2 /k—1 : o
) = B S S (T

(- w & R ()] 1 (1 —w)h?

B 2 ; il a 2

(1 . u)k_l Z?;Ol [—kln('l—u)]i _1
B 2u |
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(Cf (4.1.3)). Finally, for arbitrary ¢ € R", we get

2u

’ ZCZ'(RZ"’“_“)] ~ [ 2P@ - F@]Een(F@)ds, (4.1.10)
i=1 oo
with
. TRl T S =1 E S S
Ec,k(u) = CiEi,k(u) = ( ) szl Z]70 4! szl

k—1 n—1 n \ [FkIn(I—w))d n )
(1 =)™ X0 (Zz‘=g’+1 CZ> J1 ()

2u 2u

(cf (4.1.5) and (4.1.4)). Inequalities (4.1.6) are immediate consequences of (4.1.9) and
(4.1.10).

Now we verify the conditions of getting the equality in the right-hand side inequality of
(4.1.6). The arguments justifying the lower bounds attainability are similar. Suppose first
that Z¢ x(u1) = sUPgcye1 Zek(u) for some 0 < uy < 1. The equality

/_00 2F(z)[1 — F(2)]Zcs(F(z))dz = Oiggl Eex(u) /_00 2F(z)[1 — F(z)]dx (4.1.11)

holds iff either Fi(x) = 0 or F(x) = 1 or Z¢x(F(2)) = Zck(uy) for almost all x € R. The
conditions are satisfied by any two-point distribution function

0, z<a,
Fo(x) =1} w, a<z<b, a < b,
1, x>0,

that assigns probability u; to the smaller point a of its support. We have

B, Rij / ¢ FY(Fu(de)) 7 B Ry = / £ FY(F, (dz)) < oo,
E,.X, = / tFn(dz) /' EuX) = / oF,. () < 0o,
E,, X2 :/ leg(Fm(dlﬂ)) /‘ ]EulXi:2 :/ xHi;g(Ful (d:c)) <00, 1= 1,2,

as m — oo, where Hyo(u) =1 — (1 —u)? and Hao(u) = u?, 0 < u < 1, are the distribution
functions of the minimum and maximum of two i.i.d. standard uniform random variables.
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Therefore
B > i ci(Rix — X1) Eu, Dy ci(Rig — X1)

lim —
m—00 Em(XQ:Q - X1:2) ]Eul(XQQ - X1:2)
1 o —
= & 2@l - @) (P @) da
U1 —00

= sup Zcx(u),
O<u<l1

(cf (4.1.9) and (4.1.10)), as claimed.
Assume now that supg.,q Zecx(v) = lim, o Zcx(u). Replacing u; of the previous para-
graph by arbitrary 0 < u < 1, and setting F, ,, = uFy, o + (1 — u)F,p, we obtain

Eum Z ¢i(Rig — 1) = B lu) /_ h 2F,(2)[1 — F,(x)]da.

o0

Replacing fixed u by elements of a sequence u,, \ 0, we finally get

By 3 iy Ci(Ri — 1) 0 sup Ze(u).

qumﬂn O<u<1

We proceed in a similar way if supg_,.; Zex(v) = limy, ~ Zc x(u). O

Remark 7. It is natural to assume that ¢, # 0. Then for k =1 and n > 2, function Z¢y, is
unbounded in the left neighborhood of 1. It tends either to 400 or to —oo there, and the sign
coincides with the sign of b, = ¢,. It is clear that E|X;| < oo implies A = E(Xg.0—X1.9) < 00.
Nagaraja (1978) (see also Arnold et al, 1998, p. 29) constructed parent distribution functions
such that E| X| < oo and ER,,—11 < oo, but ER,, ; = 4+o00. This justifies the claim that in the
case of the 1st records, there is no finite upper (lower) bound for EY"" | ¢;(R; ) —p)/A, when
cn >0 (¢, <0, respectively). However, it may be surprising that we can get arbitrarily large
value (positive or negative one) even if we restrict ourselves to very simple parent distributions
with arbitrarily small supports.

If k > 1, finiteness of the population mean implies that of all kth records. Note that our
bounds are also finite under the assumption.

Remark 8. There are numerous possibilities of modifying the sequences of distributions
attaining the bounds. In the construction Fy, m = u1Fpq + (1 — uy)Fop, the sequences of
uniform distribution functions F,, o, Fp, m € N, can be substituted with any sequences of
continuous distribution functions converging weakly to degenerate ones F,, F, concentrated at
a and b, respectively. Also, fized uy, a and b, can be replaced by sequences U, Gy, by, with the
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only restrictions that v, — uy, and a,, < b,,. Moreover, particular =. may have multiple
extremes. For instance, if 0 < uy < ... < u, <1 are some arguments mazimizing =, (not
necessarily all), then the equality in (4.1.11) holds for F = uy Fy, + Z::_ll(uiﬂ —u;)Fy, +
(1 —wu,)F,, for someag < ...<a,. In consequence, the upper bound is also attained for any
sequence of continuous parent distribution functions tending weakly to the above (r+ 1)-point
distribution function. Similar modifications can be used if the extremes of (4.1.5) are attained

in the limit.

4.2 Single kth record values

In this section we specify sharp bounds of Theorem 5 for the most practically important
cases of single kth record values and the differences of various kth records. By the theorem,
the bounds in the first case coincide with extreme values of functions (4.1.3). Note that their
derivatives vanish iff

Xnk(uw) = 20°E} 5 (u) = ug, 1 (u) — i (u)
B [ S2 k(1 — w) [—kIn(1—u)]"!
= u(l—u)k 2 i — (k—1) (= 1)
N i ) RS (4.2.1)

We do not treat here the first values of kth records R, j, because they coincide with the first
order statistics Xi.;, and the respective evaluations were presented in the second chapter.

Proposition 12. Let Xy, Xo,... be i.i.d. with continuous distribution function with finite
expectation p = EX;, and Gini mean difference A = E|X; — X3|. We also assume that
E|R, x| < oo. Then, for various natural n > 2 and k > 1, we have the following sharp
bounds.

(i) Forn >2 and k =1, yields

1 —_ E(Rnl _,u> —_
5 n1(0+) < A <E,i(l-) =00
(ii) If n =k =2, then
1 _ E(Ry9 — _
5= Eoa(1-) < ( 22 ) < E0(0+4) = =
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(11i) Forn >3 and k =2

1 E —
—— = hm En,2(1_) S —(Rn72 u>

w1 A S En,Q(ul) >

Y

DN | —

where uy € (0,1) is the unique solution to the particular version of equation (4.2.1)
with k = 2.

(w) Forn =2 and k>3

1 = E(Ry 5 — 1)
A

where uy € (0,1) is the unique solution to the particular version of (4.2.1) with n = 2.

_ 1
S :'2,k(0+) - §a

(v) For k >3 and n > 3, we have

S En,k (ul ) >

)

N | —

with 0 < uy < ug < 1 being the only two solutions to (4.2.1).

For brevity of presentation, we do not describe precisely attainability conditions. E.g.,
writing that for some parameters n and k, the upper bound (or lower one) is equal to
En.k(uy) for some uniquely specified uy, we refer to Theorem 5, where a sequence of mixtures
F,, = wiF,.+ (1 —uy)F,,, of uniform distributions attaining the bound in the limit is
described. Similarly, notations Z,, (0+) and =, x(1—) mean that the extreme values of =,
are attained in the limit as u \, 0 and u " 1, respectively, and the conditions of attainability
can be found again in Theorem 5. We also refer to Remark 8 for their possible relaxations.
We adhere to this convention later on as well.

In the proof of Proposition 12 and some further results we use the following elementary
lemma.

Lemma 7. Let ¢: (a,b) = R, 0 < a < b, be twice differentiable function, V(x) = (z)/z
and x(z) = 22V’ (z) = z¢/(x) — Y(x) with X'(x) = z¢"(x). We have the following.

(1) If 1 is positive and decreasing, then U decreases.
(11) If 1 is negative and increasing, then W increases.

(111) Assume that 1) is convex.

(a) If lim, ~- x(x) <0, then ¥ is decreasing.
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(b) If lim,~ o+ x () > 0, then W is increasing.

(c) If limy o+ X(2) < 0 < lim, ~- x(2), then there exists ¢ € (a,b) such that VU de-
creases on (a,c| and increases on [c,b).

(iv) Suppose that ¥ is concave.

(a) If lim, o+ x(x) <0, then U is decreasing.
(b) If lim, ~- x(x) > 0, then ¥ is increasing.

(c) If limgs o+ x(x) > 0 > lim, ~- x(z), then there exists ¢ € (a,b) such that ¥ in-
creases on (a,c] and decreases on [c,b).

Function ¥(x) = @ represents the slope of the straight line passing through the origin of
the real plane, and the graph of ¢ at z. This is increasing (decreasing) there if the slope
is less (greater) than that of of the line tangent to ¢ at x. Function % is called starshaped
(antistarshaped) if @ is nondecreasing (nonincreasing, respectively).

Proof. (i),(ii) By definition, sgn(\IJ/(a:)) = sgn (X(x)) Assume that 1) is positive and decreas-
ing. Then x(z) = x¢'(x) —¢(x) < 0 for all x € (a,b), V'(z) < 0, and ¥ decreases. Similarly,
if 1 is negative and increasing, then x(x) = ¢'(x)z — 1 (x) > 0, and hence ¥ increases.

(iii) We have x/(x) = z¢”(x) > 0. Under assumption that 1 is convex, function yx(z) in-
creases for all a < x < b. Accordingly, if lim, ~- x(z) < 0, then x(x) < 0 for all z € (a,b),
and so ¥ is decreasing. If lim, 4+ x(2) > 0, then x(z) > 0 and ¥ is increasing. Finally,
when lim, .+ x(2) < 0 < lim, »- x(x), then by Darboux’s theorem, there exists a < ¢ < b
such that U first decreases on (a, ¢], and then increases on [c, b).

(iv) The proof is analogous to that of (iii). O

Proof of Proposition 12. By Theorem 5, it suffices to determine the extremes of (4.1.3). We
first examine variability of its numerator (4.1.2). We immediately check that &, ,(0+) = 0
for all £ > 1 and n > 2 (and for n = 1 as well, but we do not consider the case here). Also,

+o00, k=1,
Eni(1—) = { 1 E>9 n> 2.

We further have

n—2

Enp(w) = (1 —u) [ =1 (4.2.2)

If k = 1, the last term in the square brackets vanishes, and so &, ;(u) > 0. When k > 2, due
to Lemma 2, (4.2.2) is first positive, and then negative. In consequence, for k& > 2 function
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(4.1.2) is first increasing, and ultimately decreasing. Note that the function is necessarily
concave about its maximum, because it is smooth.
The second derivative amounts to

Eplu) = (1—u)? [Z 2[—kln(il! —u)l' (k2 — 2) [_kl?él__z;ﬁl)]n_

-%(k—nw—aﬂ_mml_wrl}

=1 (4.2.3)
The sum in the brackets does not appear for n = 2. The middle term is positive for k = 1,
and negative otherwise. The last one vanishes for £ = 1 and 2. Applying Lemma 2, we obtain
the following conclusions. Function (4.2.3) is positive for K = 1 and n > 2, and negative for
k =n = 2. It is first negative, and then positive for n = 2 and k¥ > 3. For k = 2 and n > 3,
it is consecutively positive, and negative. And finally for k,n > 3, the sign order is + — +.
Notice that negative part cannot be dropped here, because &, , has a concavity region about
its global maximum.

Summing up, we arrived to the following conclusions. If £k = 1 and n > 2, function (4.1.2)
convexly increases from 0 at 0 to +o0o0 at 1. For k =n = 2, (4.1.2) is increasing-decreasing,
and concave everywhere. When k£ = 2 and n > 3, it is first convex increasing, then concave
increasing, and finally concave decreasing. For n = 2 and k > 3, it is concave increasing
on the left, concave decreasing in the center, and convex decreasing on the right. In all the
remaining cases k,n > 3, the function is consecutively convex increasing, concave increasing,
concave decreasing, and convex decreasing.

Now we are in a position to analyze variability of (4.1.3) which is our main task. We start
with calculating limit values of (4.1.3) at the end-points 0 and 1. By the de I’'Hospital rule,
for all n > 2,

u 0 2 w0 2(1 —wu)i!
1=k k1
2 2 2
Also,
_ +o0, k=1
= — ) ) >
(1) {—5 kx2, "2



Knowing the shapes of (4.1.2), and using Lemma 7 with ¢(u) = &, x(u), V(u) = 25, x(u),
X(u) = Xnk(u) = 20°Z] (u) = ug), ,(u) — Eui(u), 0 < u < 1, we are able to describe
monotonicity properties of (4.1.3).

Analysis of the case k = 1 < n is the simplest one. We have x,, 1(0+) = 0, and function
&n,1 convexly increases from &, 1(04) = 0 to &, 1(1—) = +o00. By Lemma 7(iiib), =, ; increases
from the =, 1(0+) = 1 to Z,1(1—) = +oo.

We proceed to k > 2 and consider the most sophisticated case with k£, n > 3. For the other
ones, we refer to some arguments presented here. We assume that &, is convex increasing
on (0,a), concave increasing on (a,b), concave decreasing on (b, c), and convex decreasing

on (¢, 1) for some 0 < a < b < ¢ < 1, and &,,(d) = 0 for some b < d < 1. Note that

Xnk(04) = limy, o u {ggk(u) - §"+(u)] = 0. By Lemma 7(iiib), =, is increasing on (0, a).

We have yx,x(a) > 0, because the line tangent to &, at the inflexion point a runs below
the line §”+(a) u joining the origin point with (a, &, x(a)) on (0, a), and above on (a, 1), which
means that it has a greater slope. We also have x,x(b) = —&,£(b) < 0 at the maximum
point b. Owing to Lemma 7(ivc), there is a point @ < u; < b such that =, ; increases on
(a,uy) and decreases on (uy,b). By Lemma 7(i), Z,, ; decreases on (b,d). Suppose now that
d < c. Then x,x(d) = d§, . (d) < 0, and so Z,, still decreases on (d,c) by Lemma 7(iva).

Comparing the slopes of straight lines &, x(c) + &}, x(c)(u — ¢) and MC(C) u, we conclude that

Xnk(c) < 0. We also observe that x,x(1—) = =&, x(1—) = 1 > 0. With use of the last
claim of Lemma 7(iii), we conclude that =, ; decreases on (¢, us) and increases on (uq, 1) for
some ¢ < uy < 1. If d > ¢, we again recall the relations x,x(d) < 0 < x,x(1—) and Lemma
7(iiic) for deducing that there exists d < us < 1 such that =, ; decreases on (d,us) and
increases on (uz,1). Combining the above results, we arrive to the following conclusion: Z,,
first increases from % at 0+ to =, (uq) > %, and the decreases to =, j(u2) < —%, and finally
increases to —% at 1—. This implies that the global maximum and minimum are attained at
uy and ug, respectively, which are the only local extremes of =, ; in (0, 1).

If £ = 2 < n, function §, » does not have a decreasing convex part at the left neighborhood
of 1. We can just put ¢ = 1 > d > b, and repeat the above reasoning omitting analysis
of the functions on the interval (¢, 1), when d < ¢. Case ¢ < d < 1 is impossible then. In
consequence, we observe that =, 5 increases from =,, 5(0+) = % to Z,0(uy) > %, and decreases
to Z,0(1—) = —%. The global extremes are Z,, 9(u1) > %, and =,2(1—) = —%.

For n = 2 < k, &, is deprived of the increasing convex part on the left. However,
then we still have x2,(0+) = 0, and we can use the argument of Lemma 7(iva) to conclude
that =g is decreasing on (a,b) with @ = 0. Then we repeat the reasoning of the previous
paragraph applied to studying functions &, k, Xn.k, and =, x on the interval (b, 1). Accordingly,
we conclude that Z,) decreases from Zp4(0+) = 1 to Syu(uy) < —3, and increases to
Eoi(l—) = —%. This means that —% > Egp(ur) < Zop(u) < Zopk(04) = %
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For k = n = 2, we can reduce the arguments as in the two above cases by removing from
analysis two convexity intervals of &, , appearing in both the ends of the unit interval. As a
result, we observe that =, 5 decreases from Z55(0+) = %, to Zg9(1—) = —% which are clearly
the extreme values of the function. This completes the proof of Proposition 12. m

Table 4.1: Upper bounds on expectations nth values of 2nd records ]ER"T‘Z_“, and upper and

lower bounds on expectations of 8th records % forn=3,..., 11
| n [ ui(n,2) | Znplwr) [ ui(n,8) | Zns(ur) || us(n,8) | Zns(ug) |
3| 0.53864 | 0.67515 || 0.00612 | 0.50151 || 0.49172 | -0.82907
4 11 0.85953 | 1.27417 || 0.05275 | 0.51740 | 0.63022 | -0.69988
5| 0.95425 | 2.48879 || 0.12728 | 0.54943 | 0.72995 | -0.63051
6 || 0.98408 | 4.81797 || 0.21163 | 0.59439 | 0.80242 | -0.58866
71 0.99425 | 9.23834 || 0.29654 | 0.65089 | 0.85534 | -0.56167
8 | 0.99788 | 17.6289 || 0.37741 | 0.71872 | 0.89407 | -0.54356
9 | 0.99921 | 33.6037 || 0.45206 | 0.79835 | 0.92244 | -0.53108
10 || 0.99971 | 64.1276 || 0.51968 | 0.89066 | 0.94324 | -0.52232
11 | 0.99989 | 122.652 || 0.58017 | 0.99688 | 0.95848 | -0.51611

Table 4.1 presents numerical values of upper bounds Z, x(u1) on expectations of kth
records for k = 2,8 and n = 3,..., 11, and the values of lower bounds Z,, g(u2) on expectations
of 8th records for n = 3, ..., 11. They are accompanied by respective arguments u; = uy(n, k)
for which =, attain their maxima, and uy = us(n, k) for which =, ; attain the minima.
The lower bounds on the expectations of second records amount to Z,5(1—) = —3. The
arguments of the extremes allow us to recover the distributions attaining the bounds. It is
obvious that =, ;(u1), and =, s(ug) increase as n increases from 3 to 11 for both k£ = 2 and

8. It is worth noting that u;(n, k), us(n, k) do so as well.
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4.3 Differences of kth record values

Now we evaluate the expectations of differences of kth record values E(R,; — Rnk), 1 <
m < n. By Theorem 5, the problem boils down to finding the extremes of functions

1— )bt e [ = kIn(1 -
- 22;) 2 = nf! ] : O<u<l.  (43.1)

The local extremes of the functions (if they exist) satisfy the equalities

Xk ()Xo () = Xmp(1) 20”3, ()
(1 —u)k? (1 —u)k—2 (1 — u)k=2

_ ul€(w) = &p(w)] = [Gnp (1) — Enp(w)]

(1 —u)k—2
_ o [EEIn( —w)m = [~k n( l—u)]
= hu (m —1)! ;
[—kIn(l — )] & [~kIn(l —w)]
- k= u—r T - 2 5 0.  (43.2)

Proposition 13. Under the assumptions of Proposition 12, the following statements hold
true.

(i) If k=m=1andn > 2,

1 E(R,1 — R _
3 = Saa(04) < P D) <51y = oo
(1)) If k =1 and 2 < m < n, then
E(R,1 — R —
0= Em,n;1(0+) S ( 71A ’1) S = ,n,l(l_) = +00.

(iii) If either k =n=2and m=1, or k>3, n=2,3, and m =1, then

E(Rnx — Rig)
A

— k
S S1,nk (0+) -

0= El,n;k(l_) S 5
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(w) If k=23, m=1andn > k+ 1, then

E(R,, — Rik)
A

N
il
S

v

where uy € (0,1) is only one solution of equation (4.3.2).
(v) For k =2,3 with 2 <m <n, and for k > 4, with m > 2 andn =m+1,m+ 2, we have

E(Rux — Rmk)
A

where uy € (0,1) is the unique solution to (4.3.2).

0= Em,n;k(0+) = Em,n,k(1_> < < E k(ul) > 07

(vi) For k > 4, m =1 and n > 4, equation (4.3.2) has either no solutions in (0,1), and

then E(R R L
( n7kA_ Lk) < El,n;k(o—i-) ——

O == El,n;k(l_) S 27
or it has two solutions 0 < uy < uy < 1, and then

E(R,r — Rix)
A

_ k _ _ _
0="C1.k(l—) < < maX{i, :1,n;k(u2>} = max {Z1 4 (0+), Z1 0k (u2) }.

(vii) For allk >4, m > 2 and n > m + 3, either (4.5.2) has a unique solution u; in (0,1),
and then
E(Ruk — Rmg)
A

0= Em,n;k(0+) = Em,n,k(1_> S S E k(ul) > 07

or it has three solutions uy < us < ug there, and, in consequence,

E(Rn,k - Rm,k)
A

0= Em,n,k<0+) = Em,n;k(l_) < < maX{Em,n;k(ul)7 Em,n;k(“i’))}'

The bounds for the most interesting subcase of kth record spacings R,+15 — R for
particular pairs of parameters k = m =1, k=1 < m, m =1 < k and k,m > 2 can be
immediately concluded from points (i), (ii), (iii), and (v) of Proposition 13, respectively.

Proof. The idea is similar to the previous proof. We first analyze the numerator

— klnl—u)]

~.

i—=m
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of (4.3.1). We immediately check that &, ,.x(04+) = 0 for all possible m, n, and k, and
Emmik(1—) = 400 when k = 1, and 0 otherwise. Furthermore
[—kIn(1 —w)|™?

(m —1)!

k‘ln 1 —u)] (k1) [—k‘lzlél__ly')]nll

& s) = (1—u) h

n—2

i=m

If £ = 1, the last term vanishes, and (4.3.3) is increasing on the unit interval. By VDP of
Lemma 2, the function is first increasing and then decreasing for all £ > 2.
Analysis of the second derivative

" _ ks [2[=kIn(l — )2 [~kIn(l —w)™"
) = (1= 02 | RO e g EERE=
+ > 2 k:ln 1 U)] (/{iQ _2) [_kl(l;fl__;;‘)]n_Q —{-(k’— 1)(]{3—2) [_kl(r;b(l__;;g]n_ll (434)

is more complex. The coefficient of the first term vanishes for m = 1, and is positive for
m > 2. That of the second one is positive for k = 1,2, equal to 0 for £ = 3 and negative
for other k > 4. If n = m + 1, m + 2, the sum is dropped, and its summands are positive
otherwise. The penultimate ingredient has a positive coefficient for £ = 1, and negative one
for £ > 2. And that of the last one is either 0 when k& = 1,2 or positive otherwise.

Applying Lemma 2, and taking into account the fact that a smooth function has to be
concave about its local maximum, we arrive to the following conclusions. If k = 1, then (4.3.4)
is positive. Therefore (4.3.3) convexly increases from &, ,.k(04) = 0 to Enpni(l—) = +o0.
Otherwise the function is increasing-decreasing, and vanishes at 0 and 1.

If k=2and m =1, n =2, it is concave in (0,1). If £ = 2 and either m = 1 with n > 3
orn >m > 2, (4.3.4) changes the sign from + to —, which means that (4.3.3) is first convex
increasing, then concave increasing and finally concave decreasing.

Suppose now that kK = 3. If m = 1 and n = 2, 3, then (4.3.4) is negative-positive, and so
(4.3.3) is concave increasing, concave decreasing and convex decreasing. Otherwise, i.e., for
m =1 with n > 4, and n > m > 2, the sign sequence of (4.3.4) is + — +. This implies that
(4.3.3) is consecutively convex increasing, concave increasing, concave decreasing and convex
decreasing at the right end.

Assume finally that £ > 4. Then for m = 1 and n = 2,3, the second derivative (4.3.4)
is negative-positive, and therefore the original function (4.3.3) is concave increasing, concave
decreasing and convex decreasing. If m = 1 and n > 4, the sign order of the combination
coefficients in (4.3.4) is — + —+. For function (4.3.4) itself, it may reduce to —+. Note
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that in the first case the maximum point of (4.3.3) can belong to either of two its concavity
regions. Consequently, we have three possible behaviors of (4.3.3). Firstly, it may be concave
increasing, concave decreasing and convex decreasing. Secondly, it may be concave increasing,
and, on the region of decrease, it may be consecutively concave, convex, and again concave
and convex. The last option is that (4.3.3) is consecutively concave, convex and concave
on the interval of increase, and concave and convex in the decrease area. If m > 2 and
n=m+ 1,m+ 2, function (4.3.4) is first positive, then negative and eventually positive. It
follows that in this case (4.3.3) is convex increasing, concave increasing and decreasing, and
finally convex decreasing. Lastly, for m > 2 and n > m + 3, the signs of the combination
coefficients are ordered as + —+ —-+. Analysis similar to that of the case k,n > 4 withm =1
leads to analogous conclusions. We have again three possibilities. The functions are similar,
and the only difference is that in each case one should add an interval of convex increase at
the beginning.
Now we proceed to analyzing (4.3.1). We have

Y Y

Ol

— 1
Emnk(0+) = { 9

m
m

AV

) Y

and
— | 400, k=1,
Zmaik(1-) = { 0, k> 2.

Also, Xmnk(0+) = 0 for all k, m, and n. This, together with Lemma 7(iiib), imply that for
k =1, Z,, n.1 strictly increases from % , when m = 1 and from 0, when m > 2 at 0+ to +o0
for all m > 1 at 1—, which gives statements (i) and (ii) of the Proposition.

The remaining cases with £ > 2 can be treated in much the same way. Functions &, ».x
are first increasing and then decreasing, and tend to 0 as the argument tends to 0 and 1.
Respective functions X, .. are negative at the maximum points of &, ,,.x. Functions =, ,,.%
are also positive on (0,1), and vanish at the right end point. Accordingly, 0 provides the
sharp lower bound for the differences of all kth records with k£ > 2, and they are attained as
parameter u converges to 1. Note that this trivial bound is attained for m > 2 if u \ 0 as
well.

We start with analysis of the most complex case with £k >4, m > 2 and n > m + 3. The
first option is that (4.3.3) is convex concave and convex which implies that the maximum
point belongs to the concavity region. We examine it together with another case that (4.3.3)
has two concavity regions, and the maximum is located in the first one. Let (0, a), (a,b) and
(b, 1) denote the intervals of convex increase, concave increase, and decrease of the function,
respectively. We have x,,nk(04) = 0 < Xmni(a), and xm k(b)) < 0. By Lemma 7(iiib)
and (ive), (4.3.1) is increasing on (0, a), and increasing-decreasing on (a, b) with a maximum
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point at @ < u; < b. By Lemma 7(i), it is also decreasing on (b, 1). Therefore the extreme
values of the function are =, ,,.1(0+) = Z,, 4 (1—) = 0 and Z,,, .5 (u1) > 0.

Note that the analogous arguments are used for Z,, ., with parameters m,n, k such that
(4.3.3) is first convex increasing, than concave increasing, and ultimately decreasing, i.e. for
k = 2 with either m = 1 and n > 3 or m > 2, for £k = 3 with either m = 1, n > 4 or
n >m > 2 and for k > 4 with m > 2 and n = m+ 1, m+ 2, which cover cases (iv) and (v) of
the Proposition. The only difference between them is that for m = 1 function (4.3.1) starts
from g, and then the extreme values are =, ,.x(1—) = 0 and =, .6 (u1) > % (see Proposition
13(iv)), and otherwise =, ,.1(0+) = 0 is another possibility for the infimum, and then the
maximal value =, ,(u1) > 0 does not need to exceed £ (see Proposition 13(v)).

Let us come back to k > 4, m > 2 and n > m+3, and consider the last case that there are
two intervals of convex increase (0,a), and (b, ¢), say, and two intervals of concave increase
(a,b), and (¢, d). We certainly have X n:6(04) = 0, Xm.nk(a) > 0, and X ni(d) < 0. Lemma
7(iiib) implies that =,, ,.; increases on (0,a). Suppose first that X, ,.x(b) > 0. By Lemma
7(ivb) and (iiib), (4.3.1) is increasing on both (a,b) and (b, ¢). Convexity of &, ., on (b, c)
implies that X, ,..(u) = ug), ,,.(u) > 0 for b < u < ¢, and 80 X nx(c) > 0 as well. Lemma
7(ivb) assures that there is ¢ < u; < d such that (4.3.1) is increasing on (¢, u;) and decreasing
on (uy,d). Final decrease of (4.3.1) on (d,1) is implied by Lemma 7(i). This means that
assumption X, n.x(b) > 0 leads us to the first statement of Proposition 13(vii).

Suppose now that x, k(b)) < 0. Then =, , in increasing on (0,u;) and decreasing on
(u1,b) for some a < u; < b by Lemma 7(iiib) and (ivc). By convexity of &k, Xmonk 18
increasing on (b, ¢). It may happen that either Xy, n.x(c) < 0 or Xmnx(c) > 0. Suppose that
the first case holds. Then (4.3.1) decreases on (b, ¢), (¢, d), and (d, 1) by Lemma 7(iiia), (iva)
and (i), respectively. Again, we conclude that =, ., has one local maximum in (0, 1), and
the first claim of Proposition 13(vii) holds. The last possibility is that condition X, n.x(b) < 0
is accompanied by Xmnk(c) > 0. Then except for the local maximum at a < u; < b, we
have a local minimum at b < uy < ¢ by Lemma 7(iiic), and another local maximum at
¢ < uz < d by Lemma 7(ivc). This is obviously decreasing on (d,1) by Lemma 7(i). Note
that Z,, ..k (u2) > 0, because =, . is continuous and positive on (0,1). Accordingly, the
latter statement of Proposition 13(vii) holds.

Analysis of the penultimate case with k > 4, m = 1 and n > 4 is similar, and we merely
outline the main steps of the proof. The only differences are that there is no interval on
convex increase in the right neighborhood of 0, and Z;,(04+) = £. We can treat together
the cases that (4.3.1) is concave on the whole interval of its increase, whereas the decrease
region contains either one or two intervals of convexity. Then Z; . is decreasing on both
intervals where & ,,.x increases and decreases by Lemma 7(iva) and (i), and the first claim of
Proposition 13(vi) is valid. Note that in the same way we can treat the cases of Proposition
13(iii) and get the respective conclusion.
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Suppose now that the interval of increase (0, d), say, contains one region of convexity (b, ¢),
and two regions of concavity (0,b) and (¢, d) (we do not use letter a for the sake of consistency
with the previous notation). We have x1,.4(04+) = 0, Xmnk(b) < 0, and X nx(d) < 0. If
Xmon:k(€) < 0, 21 nk is decreasing on the whole unit interval by Lemma 7(iva), (iiia), again
(iva) and (i). If x1nk(c) > 0, then (4.3.1) first decreases, then has a unique local minimum
at b < u; < ¢, and a unique local maximum at ¢ < us < d, and finally decreases by Lemma
7 (ive), (iiic), (ive) and (i). Again, we have = ,.k(u1) > 21 n%(1—) = 0, but we cannot settle
either of two maxima =4 ,,.,(04) = g and =1 . (u2) is greater. This finishes the proof of case
(vi), and of the whole Proposition. O

Table 4.2: Upper bounds on expectations of kth record differences Em for k =2,3,4
andn=4,...,11.

H n H ui(n,2) \ E1m2(ur) H ui(n,3) \ E1m3(ur) H ui(n,4) \ 1 ma(ur) H
4 1| 0.85953 | 1.77417 0.24174 | 1.51047 0 2
5 0.95425 | 2.98879 | 0.59908 | 1.64906 | O 2
6 || 0.98408 | 5.31797 || 0.78565 | 1.99633 | O 2
7 0.99425 | 9.73834 | 0.88026 | 2.58914 || 0 2
8 11 0.99788 | 18.1289 || 0.93089 | 3.50031 0.77158 | 2.13923
91 0.99921 | 34.1037 || 0.95925 | 4.85335 || 0.84482 | 2.54721
10 || 0.99970 | 64.6276 | 0.97565 | 6.83793 | 0.89233 | 3.11471
11 |/ 0.99989 | 123.152 | 0.98532 | 9.73634 || 0.92438 | 3.87706

Table 4.2 contains numerical values of upper bounds Z; ,,.x(u;) on the expectations of the
differences between the nth and first values of kth records together with respective arguments
uy = uy(n, k) for which Z; ,,.; attains its maximum. We examine k = 2,3,4andn =4,...,11.
For calculating the bounds in cases k = 2,3, we applied Proposition 13(iv). For k = 4,
Proposition 13(vi) was used. Then the first subcase of no local extremes appeared for n =
4,...,7, and the single local maxima of =Z;,.4 were used for n = 8,...,11. As one can
expect, the bounds decrease in rows, and increase in columns. The same tendency concerns
the arguments providing the maxima. However, it is quite surprising that as n increases, the
points attaining the fast increasing maxima approach very close point 1, where the global
infima, equal to 0, are attained.

Table 4.3 presents numerical values of upper bounds =, ,,.x(u;) on the expectations of dif-
ferences of nth and second values of kth records EW with the arguments u; = u;(n, k),
i = 1 or 3, providing the maxima of respective functions =3 ,.. We consider parameters
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Table 4.3: Upper bounds on on expectations of kth record differences EW for k =2,3
with n = 3,...,11, and for kK = 10 with n = 13, ..., 21.

H n H ui(n,2) \ Eomna(ur) H ui(n, 3) \ Eons(ur) H n H u;(n, 10) \ Z9ni0(;) H
31| 0.79681 | 0.64761 0.47471 | 0.54207 13 || 0.26010 2.08544
411 0.90626 | 1.49438 | 0.60992 | 0.96579 14 || 0.26018 2.08548
51 0.96101 | 2.84937 | 0.72476 | 1.38507 15 || 0.26021 2.08549
6 || 0.98491 | 5.25240 | 0.81886 | 1.87945 16 || 0.26021 2.08549
71 0.99434 | 9.70871 | 0.88772 | 2.54006 || 17 || 0.69271 2.13547
8 11 0.99789 | 18.1159 | 0.93242 | 3.48013 || 18 | 0.72874 2.24568
9 | 0.99921 | 34.0981 0.95956 | 4.84509 19 || 0.75943 2.37671
10 || 0.99971 | 64.6252 || 0.97571 | 6.83455 20 || 0.78605 2.52859
11 | 0.99989 | 123.151 0.98533 | 9.73495 21 || 0.80936 2.70201

k=2,3withn=23,...,11 and k = 10 with n = 13,...,21. Conclusions of Proposition 13
(v) and (vii) were used for k = 2,3 and k& = 10 respectively. In the latter case, for n = 13, 14,
function (4.3.1) has a unique maximum in (0, 1), and we use the first statement of Proposi-
tion 13(vii). Otherwise it has two local maxima and a minimum between them. However, for
n = 15,16 the global maximum is attained in the first zero of (4.3.2), and for the remaining
n = 17,...,21, the last zero provides the global maximum. This explains a significant jump
from 0.26021 to 0.69271 in the penultimate column of the Table. Behaviour of the bounds
and parameters describing their attainability conditions is like for Table 4.2.

Table 4.4 presents upper bounds =, ,,+1.1(u1) on expectations of kth record spacings
Ryi1k — R for k=2,3,4 and m = 2,..., 11, and respective arguments u; = u;(m, k) for
which Z,, 41 attains its maximum. They were established by means of Proposition 13(v).
We observe that except for k = 2, the bounds first decrease and then increase as m increases.
The lower bounds for the differences of records presented in Tables 4.2-4.4 amount to 0.
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Table 4.4: Upper bounds on expectations of kth record spacings [ fmea.

and m=2,...,11.

Bt Bk for fo =2, 3.4

A

| m [ ui(m,2) | Enmire(w) | wi(m,3) | Enmsrs(w) | ui(m,4) | Snmgra(u1) |
2 || 0.79681 0.64761 0.47471 0.54208 0.32620 0.58475
3 1| 0.94048 0.94762 0.71317 0.50558 0.54156 0.45015
4 1 0.98017 1.59328 0.83871 0.58006 0.68538 0.43335
5 1| 0.99302 2.82685 0.90731 0.72982 0.78244 0.46358
6 || 0.99748 5.15281 0.94588 0.96486 0.84858 0.52656
7 || 0.99908 9.54491 0.96804 1.31373 0.89404 0.62105
8 || 0.99966 17.8731 0.98097 1.82275 0.92550 0.75117
9 1| 0.99988 33.7336 0.98860 2.56139 0.94743 0.92468
10 {| 0.99995 64.0592 0.99315 3.63192 0.96278 1.15284
11 || 0.99998 122.245 0.99587 5.18426 0.97358 1.45096
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Chapter 5

Bounds on the variances of linear
combinations of kth records

Let X1, X5,... be i.i.d. random variables with common continuous distribution function F.
For the sequence, we define respective kth record values Ry g, Rog,.... Let ¢ = (c1,...,¢,) €
R™ be an arbitrary nonzero vector. Our purpose is to provide bounds for the ratios of
variances Var (), ¢;R;y)/Var X, for all possible continuous baseline distribution functions
F for which the above variances are finite. Note that finiteness of Var X; implies the same for
Var R, ;, n € N, when k > 2. For the classic records with k& = 1, condition Var X; < oo does
to suffice for Var R, ; < oo, n =2,3,.... Throughout the chapter, writing VarY we tacitly
assume that this is finite. Below we present upper bounds on variances of arbitrary linear
combinations of kth records, and describe conditions of their sharpness. We also determine
conditions which imply that respective lower bounds vanish. We first mention sharp lower
and upper bounds for single kth record values determined by Klimczak and Rychlik (2004).
Then we thoroughly study the case of kth record spacings R,+16 — R k-

The literature concerning evaluations of variances of records is very scanty. The first paper
devoted to evaluation of variances of records was due to Klimczak and Rychlik (2004) who
determined tight lower and upper bounds on variances of single kth record values Var R,
measured in the population variance units Var X;. These results were specified by Jasinski
(2016) under some restrictions on parameters n and k.
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5.1 Linear combinations of kth record values

For given positive integers n and k, and for a fixed vector ¢ = (cq,...,¢,) € R", Y% | |¢;| > 0,
we define function

Peslwnv) = ngﬁi{[,<%—u_uﬁ__<§:q>V*mS—uW]

=1 i=0 \j=i+l
— - —kIn(l —v)|*
X - (Zl Cj) [ <Z' )]
B 11 e I
1<i<j<n v par it (e —Dlg!(p — @)(q +1) } (5.1.1)

acting on the triangle 0 < v < v < 1. For brevity, parameter n is suppressed in the notation.
The diagonal version W, ;(u) of @ (u,u) for 0 < v = u < 1 has much simpler form

Top(u) = (1_u—“)1 i(z cj) [—krln(il!—u)]i

- (I—U)k[‘_ ( ‘ Cj> [_kln(;!_u)]i] : (5.1.2)

because due to the identity

(p—Dl(g—1)! _ /1 up—1(1 . u)q—ldu

(p+q—1)!
B q—1 q_l v lup o U_q—l (q—l)!(-l)r
- go( r >< 1)/0 T _;r!(q—l—r)!(wr)’
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the last line of (5.1.1) for u = v can be rewritten as
Jj— zl

- —kIn(1 — u)]tP b —1)¢
ZCJZCZZ - )] 3 (-1)

= d'lp— ) (g +1)

J zl

_ i)%EJ%E: —kIn(1 — w)]i+r
1= p=

z—l—p

z kml—u
- zcjzczz L
o

p!
— —kIn( 1 —u)|P
(3] (xe)! |
p=1 \j=p+1
Theorem 6. Suppose that X1, Xs, ... is a sequence of i.i.d. random variables with a common

continuous distribution function F, say, such that EX? and ERZ,;@ are finite for firedn,k € N.
Then for any non-zero ¢ € R™, we have

Var (3o, ciRig)

< sup Per(u,v). 5.1.3
Var Xy - 0<u§§<1 #(1,) ( )
Moreover, if
sup  Pcr(u,v) = sup Vep(u), (5.1.4)
O<u<ov<1 O<u<1

then bound (5.1.3) is sharp. Precisely, we have the following.

(1) If supgcye1 Yer(u) = Wer(ug) for some 0 < ug < 1, then the upper bound in (5.1.3) is
attained in the limit by the sequence of parent distribution functions F,, = uoFy . + (1 —
up)Fmp, m = 1,2,..., where F,,, denote the distribution function of the uniform random
variable on the interval [a — %, a}, and a < b are arbitrary.

(it) If supgcyeq Yer (u) = im0 Ve i (u), then the equality in (5.1.3) is attained in the limit
by any sequence of distribution functions F,, = wunFpa + (1 — up)Fnyp as m — oo and
Um N\ 0, whereas a < b.

(iii) If supgeye1 Wep(u) = limy, n Wer(u), then the upper bound in (5.1.3) is attained in the
limit by any sequence of distribution functions Fy, = umFm e+ (1 — wp) Fpp as m — oo and
Uy 1, with a < b.

If k > 2, then assumption ER}, , < oo follows from finiteness of EX7.
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Proof. Assume that X;, Xs,... are i.i.d. with distribution function F and finite variance.

Noting that the supports of record values are contained in the supports of the original vari-
ables, and using (1.3.2), (1.3.3) and (1.3.6), we conclude

n

Var (Z szk> = Z cVar (Ry) + 2 Z ¢ic;Cov(R; i, Rj k)

=1 1<i<j<n

Sy [ IR - PR R ) iy

02 30 e [[EG(FE), F)  F(P@) FL(P)dedy
= 2 GFL(F — F(F
//O<F(x)<F(y)<1{izl “ ( (@ )) [1 ' ( (y))}
bY o FLE) - F(EW)
bGP >)[1—FZ-%( )] - [1 - Fy)
LN N D[ K (1 F() N[~ kIn (1 F(y)]" " N
(i~ Dlp— )i+ 0 }}d dy
= o FY (F(x Y C; —FJUk F — CiCj
) / /(KFW(M{ > Flu(F(e) Z [1— FY(F(y)] Z
IS (1)1 = kI (1= F(2))] [ = kIn (1 — F(y))]""
<Ry [ <(i_1)!q!()£_q[)!(i+q)( )] }dxdy.
Since

S el - F(F@)] = 11— FeF S (Z ) [ b (- F@)]

we have

VYar R g = 2 P (F(x), F F(x)|1 — F(y)|dzd
(Z ) o BeslF FO) P~ F()dedy

i=1

<  sup Pepi(u,v)Var Xj. (5.1.5)

T o<u<o<l
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Suppose now that (5.1.4) holds.

(1) Assume first that the supremum of U, ;(u) is attained at some 0 < ug < 1. If g is the
unique value of F(z), different from 0 and 1, then equality holds in (5.1.5). The condition is
satisfied by the distribution functions

0, =z<a,
F(z) =4 up, a<x<b,
1, x=>0b

for arbitrary a < b. Mixtures of uniform distribution functions F,(x) = uoF,.(z) + (1 —
ug) Finp(2) tend to F(z) for all z € R, and function @ x(u, v)u(1—wv) is continuous. Therefore,
as m — 00, we get

Vara 5 a2 ot coeye Bes(Fne), Fnp) Fn()[1 = Foy)ldndy
Var X, 2T+ ooy Fnl@)[L = P}y
2 [[ocrayer Per(F (@), F(y) F(2)[1 = F(y)]ddy
2 ffa<x<y<bF(x)[1 — F(y)|dzdy

= Wer(ug) = sup Ueplu).
O<u<1

(ii) If supgeyeq Yer(u) = limyn o We x(u), then by the previous statement and continuity
of W, for the sequence of mixtures defined in Theorem 6 (ii) yields

Vary, (3, ciRix) .
= : lim ¥, .
VYar,, X, - uli% # ()

The proof of statement (iii) is similar. O

Theorem 7. Under assumptions of Theorem 6, if either ¢c; = 0 or k > 2, then the trivial
bound
Var(>_", ciRix) >0
VYar X; -

is optimal. If the former (latter) condition holds, then the zero bound is attained for the
sequence of baseline distributions described in Theorem 6(ii) (Theorem 6(iii), respectively).

Proof. We first calculate the right limit of (5.1.2) at 0. Denote the respective expression in the
curly brackets by xcx(u). Since factor (1 —u)*~! is immaterial here, and lim,~ o Ye(u) = 0,
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with use the 'Hospital rule we obtain

2 n 2 n n
lim Wep(u) = limxg,(u) =k <Z c]> +k (Z cj) — 2k (Z cj> (Z cj>
u\,0 u™N0 j=1 j=1 j=2
= k(iq—Zq) = kcl.
j=1 j=2

Hence ¢; = 0 implies that lim,\o ¥ x(u) = 0, and using the sequence of baseline distribu-
tions of Theorem 6(ii), we attain zero for the variance ratios in the limit. If £ > 2, then
lim, ~ Wi (u) = 0, because each expression (1 —u)P[—kIn(1—w)]? for p > 1 and ¢ > 0 tends
to 0 as u approaches 1. If k£ = 1, then W, tends to +oo at 1, because it behaves asymptoti-

cally as a combination of functions [—kIn(1 —u)|*, i =0, . — 1, and the coefficient (nc—%l)!

of the fastest increasing term [—kIn(1 — u)]"~! is clearly pos1tive. In conclusion, applying
construction of Theorem 6(iii) for k£ > 2 we obtain zero limit. O

5.2 Single kth record values

In the case of single nth value of kth records with ¢ = ¢(n) = (0,...,0,1), function (5.1.1)
simplifies to

1‘“‘“%22&% (1—v)k? [~k 1_7})]

(I)c(n),k (u, U) =

M

u

It can be shown that for every n,k € N and ¢ = c¢(n), (5.1.4) holds which means that
SUP<y<1 Ye(n),k(u) provide the sharp upper bounds. For n = 1, we have R, = X4, and
results of Section 3.2 apply. When k£ =1 and n > 2, we have

sup Wenye(w) = lim Weiny 1(u) = +o0,

0<u<l u,/1
and respective attainability conditions are formulated in Theorem 6(iii). Klimczak and Rych-
lik (2004) showed that for any n,k > 2 function Uein),k 18 maximized at some inner point
up = up(n, k) of open interval (0,1). In consequence, the bounds are attained by the approxi-
mations of two-point distributions described in Theorem 6(i). Moreover, under the restriction
2 < k <max {2, ”37::14} Jasiniski (2016) proved that u is the unique zero of Wy, , in (0,1).

Since

= >
}LI{(%\Dn k(u> 07 n =z 27

= >
}Ll/‘H% \Dn,k(u) 07 k - 27



the trivial bound .
Var(d !, ciRix) >0
Var X; -
is sharp for all k£ and n except for n = k = 1. For n > 2 and k > 2, equality conditions can
be found in Theorem 6(ii) and (iii), respectively.

5.3 kth record spacings

In this Section, we thoroughly analyze variances of kth record spacings. To simplify the
notation, we write ®¢(mi1)—c(m)k ANd Wemit)—cim)k a8 P and Vo, g, respectively. The
former has the representation

[—kIn(1 — w)]™(1 — v)*1 1 — (1 —u)*[—kIn(1 — v)]™

Pon (1, v) = um/! m)!

: (5.3.1)

and the latter satisfies Wy, (1) = @y, i (u, w).

Proposition 14. Let X1, Xs, ... be i.i.d. continuously distributed, and assume that EX? <
oo and ER? < oo. Then

VCLT’(Rm+1 k — Rm k)
: — < sup VU, k(u), 5.3.2
Var X, o 0<u121 #(u) ( )

and the bound is sharp. In particular, the following yields.
(i) If k =1 and m > 1, then

VaT(Rm—i—l 1— Ry, 1) .
k) 9 < — 3.
Var X, < 11}/11{ U1 (u) = 400, (5.3.3)

and this upper bound is attained by the sequence of baseline distributions described in Theorem
6(iii).
(1) If m =1 and k > 2, then

VCLT(RQ kE — R1 k) .
: 2 < lim W =k
VYar X; - u{% (1) ’

and the bound is attained by the sequence of distributions described in Theorem 6(ii).
(113) If either k =2 <m ork >3 with2 <m < %k‘, then

Va'r(Rm-l-l,k - Rm,k)
Var X;

S ‘I/m,k (uO) ’
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where ug = ug(m, k) is the unique solution to W, ,(u) = 0, and the equality is attained by
the sequence of parent distributions described in Theorem 6(1).
() If finally k > 3 with m > %k, then

Var<Rm+1,k - Rm,k)
Var X;

S \Dm,k (Uo),

where 0 < uy < 1 is the global maximum point of U, over (0,1), and attainability conditions
are presented in Theorem 6(1).

Remark 9. Relation (5.5.3) is not surprising in view of the fact that one can construct
parent distributions such that Var R, 1 < oo = Var R, 4111 for every m € N (cf Nagaraja,
1978, and Klimczak and Rychlik, 2004). It is surprising, though, that that arbitrary large
values of variance ratio are possible for so simple parent distributions with very restricted
supports, defined in Theorem 6.

Remark 10. In the last case of Proposition 14 we can restrict the number of local maxima
of Uy, with use of the variation diminishing property of power series of Lemma 4. We
can check that the derivative ¥, ,(u), 0 < u < 1, has for arbitrary k,m > 3 at most 5
zeros, and, in consequence, V., () itself has 3 local maxima at most. Moreover, under some
extra conditions we are able to restrict the number of local mazima to two. We provide the
respective arguments just below the proof of Proposition 1/.

On the other hand, many numerical examples show that for various k,m > 3 function
U, 1 (w) is merely increasing-decreasing in (0,1), and has a single mazimum there. However,
we are not able to prove the claim formally.

In the proof of Proposition 14, we use Lemma 7, and Lemma 9 below which follows from
the following one.

Lemma 8. Let n

. x
fom(z) =¢" — Mm

be defined on the non-negative half-axis for fixed real M and non-negative integer n. Then
fom(0) = 1 — M and f,m(0) = 1 for n € N. Also, lim, soo fom(z) = 400 for every
n=20,1,... and M € R. Moreover, we have the following.

(1) Function foar is strictly increasing everywhere.

(1) If M < 1, then fin also increases, and otherwise there exists xo > 0 such that fi
decreases on (0,x0) and increases on (zg,00).

(111) Let n > 2. If either M < 1 or M > 1 and ming~¢ fr—1.m(x) > 0, then f, is
increasing. If M > 1 and ming~o fro—1.m(z) <0, then there exist 0 < x1 < x5 < 0o such that
fnr increases on (0,x1), decreases on (x1,x3), and finally increases on (x4, 00).
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Proof. Calculating the left- and right-end values is immediate. Also, claim (i) is trivial since
fon(x) =€* >0, 2> 0. Note that f; , ; = fuu for all n. € N,

(ii) We have f],/(z) = e — M. If M < 1, then f ) is strictly increasing and positive.
Otherwise, it is decreasing on (0, z) with zo = zo(1) = In M, and increasing elsewhere.

(iii) Suppose first that n = 2. If M < 1, then f5,, = fin > 0, and, due to (ii), foa is
increasing from 1 to oo. If M > 1 and min,~o fim(x) = fiu(In M) > 0, then by the latter
statement of (ii), foas is increasing as well. For M > 1 with fi y(In M) < 0, by the same
argument, there exist 0 < x; = 21(2) < wo(1) < 72 = 12(2) such that f ,(7;) = fim(z:) =
0, ¢ = 1,2, and, consequently, fa ) is increasing on (0, 1) U (x2,00), and decreasing on
(21, 22). It means that conditions of (iii) are satisfied for n = 2.

Assume now that (iii) holds for some n > 2. We conclude the same for n + 1. If M <1,
then f; , y(z) = fum(x) increases on Ry from 1 to oo, and so does foyia. If M > 1
and ming~o fr (7)) = fou(xo(n)) > 0, then f; , 5,(z) is positive (except for possibly at
zo(n) when f, pm(xo(n)) = 0), and so f,+1. is increasing function. If finally M > 1 and
foar(zo(n)) < 0, then there are 0 < 27 = x1(n + 1) < x9(n) < 22 = T(n + 1) < 0
such that f,i1,, Is increasing, decreasing, and increasing in (0,z1), (z1,22), and (z2,00),
respectively. O

Lemma 9. Let f and g be polynomials, r(x) = o nE N, and

(i) If lim, o f(2) = 00, 2y = max{z € R: f(z) = 0} > n, g(zy) >0, and '(z) < 0 for

x > xy, then there exists vy, > xy such that h is negative on (xy, xp), and positive on (x, 00).
Moreover, function h(x) is increasing on (xp,00) under additional assumption that

f'(x) > 0 forx > xp.

(it) If f(0) > 0, 0 < 2y = min{z € R: f(z) = 0} < n, g(zy) > 0, and '(z) > 0 for

0 <z < zy, then there exists 0 < x;, < xy such that h is positive on (0,xy), and negative on

(xhv xf)'

Proof. (i)Note that h(zy) = —g(xf)x—}: < 0 and lim,_, h(x) = co. Hence the function has

n:

some zeros in (xy,00). Let x), denote the smallest of them. Obviously, h is negative on

(xf’ xh)'
h(x)

Define now ¢(x) = o =€ — r(z)L:, x> xy, and Y(z) = e* — ML with M = r(xzp).

Note that f(x) > 0, and ¥ (z) = @(xp) = ?Ezzg = 0. By assumption, r(z) < r(zp) = M,
x > x5, > x5, and so




Observe further that

n
Th

1/}/(xh) — % — M >0 = Qb(xh) — %h —

(n—1)! n!

ifft M < M7 If M <1, then by Lemma 8 (ii) and (iii) 1/ increases from 1 at 0 to oo at oo,
which contradicts 1(z) = 0. Therefore condition ¢'(z) > 0 is equivalent with x;, > n which
is true due to inequalities n < z; < xj,. By Lemma 8 again, relations 0 = () < ¢'(x)
imply that ¢ (x) > 0 for all x > xp, and so is p(x) = %
h(z) > 0 for z > x}, as well.

Furthermore, note that for x > x, yields

By positivity of f on (zy,00),

> e —r(xp) o ='(z) > 0,

(n—1)!

and consequently, under condition f'(z) > 0, z > x3, we have b/ (x) = f'(x)p(x)+f(x)¢'(z) >
0, x > xyp, as well. .

(ii) The proof is based on similar ideas. Since h(zy) = —g(a:f)% < 0 < f(0) = h(0), and h
is continuous, it has some zeros in (0, z). Let z;, be the greatest of them. Clearly, h < 0 on
(x4, xy). Functions ¢(z) = e — r(z)%; and ¢(z) = e” — M % with M = r(z;) vanish at z),.
Inequality ¢(x) > ¢(z), 0 < x < x, follows from condition r'(x) > 0, 0 < x < zy. Relation
M < 1implying positive increase of ¢ on R, contradicts ¢ (x,) = 0. When M > 1, conditions
zp, < xp < nimply ¢'(xp) < ¥(x,) = 0. Due to Lemma 8 (ii) and (iii), and the last relations,
xy, is the first zero of 1, and this is positive on (0,2;). Therefore so is p(z) = % > (x)
there. Positivity of h on (0, z) follows from positivity of f in (0,z) D (0,zy). O

Proof of Proposition 14. We start with proving that
D, i(u,v) > Oy (u, u) = Wy, 1 (u), u<v<l,

for every fixed 0 < u < 1. The two-variable function, defined in (5.3.1), is represented as the
product of two factors. The first one is obviously non-increasing in v (constant for £ = 1 and
decreasing otherwise), and positive for all u < v < 1. The latter is also decreasing. In order
to show its positivity, we note that

1= R gy MO0l e s



where FY ., denotes the distribution function of the (m 4 1)st value of the kth record
based on i.i.d. variables with the standard uniform distribution. The product of positive
non-increasing and positive decreasing functions is positive decreasing. It follows that
sup Dy, x(u,v) = sup W, x(u).
O<u<ov<l <u<l
By Theorem 6, the upper bound (5.3.2) is sharp. In order to determine its attainability

conditions, it suffices to find the arguments for which functions ¥,, ; attain their suprema.
(i) Assume first that & = 1. Then

U,y (u) = [—In(1 —w)]™ - (1—u)[=In(l —w)™

um)! m)!

As u 1, the first term increases to +o00, whereas the other one tends to 1. Therefore the
upper bound trivially equals to +o00. Since

sup U, x(u) = Im W, (u),
O<u<1 u,'1

the attainability conditions are presented in Theorem 6(iii).
(ii) We start with analyzing case m = 1 with k = 2. Then

—2(1 —w) In(1 — u)]

Uy o(u) =

say. We have f'(u) = Zh(u) with h(u) = u+In(1—w). Since h(0) = 0 and I/ (u) = — 1% < 0,
derivative f’ is decreasing and negative. Function f is decreasing as well, and positive with
lim,~ o f(u) = 2 and f(1) = 0. The latter function has derivative ¢'(u) = 2(1 — u)[—21In(1 —
u) — 1], and so is decreasing in (0,1 — e~*/2) and increasing in (1 — e~%/2 1). Its maximums
are g(0) = g(1) = 1. Therefore

[1+2(1 —w)’In(1 —u)] = f(ug(u), 0<u<l,

S Uia(u) = lim Uyo(u) = lim flu)g(u) =2.
This proves (ii) for k = 2.

For the other cases m = 1 with £ > 3, and m > 2 with £ > 2, we first analyze functions
Ump(u) = uV,, k(u). Then we obviously have limg\ o ¥mk(u) = limy, 4 ¥ e(u) = 0. We
first show that each v, is first increasing and then decreasing in (0, 1). We write down the
derivative

() = (L—u)*? [ kI —w)]" {mk —(k=1)[~ kIn(1 — u)]

m! (1 —w)k

[kl — )] 2wk — (2% = [k Il — u)] } 534

m)!
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Consider the strictly increasing variable transformation z : (0,1) — R, defined as z(u) =
—kIn(1 — u), with the inverse u(z) = 1 — exp(—x/k). We have

m—1 k— m
Kums)=thu(e) == e (2 e -0 D] 539
where
fimp(x) = (k—1)z —km, (5.3.6)
gimk(z) = 2k — 1)z —2km, x>0, (5.3.7)

We denote the expression in the brackets of (5.3.5) by Ay mx(2). We now prove that function
hym (), x > 0, is first negative and then positive. This would imply that (5.3.5) and (5.3.4)
are first positive, and ultimately negative in their domains, as desired. Functions (5.3.6) and
(5.3.7) are initially negative and then positive, and their zeros are z¢(m,k) = £m and
zg(m, k) = QIfklm respectively. Notice that m < x,(m,k) < xs(m, k). We first show that

hy,m  is negative in (0, z,(m, k)). To this end, we use the relations

xm—l ™
|

fl,m,k(a:)ez < fl’m’k(l')m |:1 + %] < gl,m,k(.ﬁi) m

The former is trivial by negativity of fi,,, on (0,z,(m,k)), and the latter is equivalent
to inequality kz? — (2k — 1)m + km? > 0. This is true for all k,m € N and = € R,
because its discriminant A = —m?(4k — 1) is negative then. Function Iimk 1s negative in
(xg(m, k), zs(m, k)) as well, because both its summands are negative there. Finally, since

d gimx(x) —km
dx fimx(z) (k= 1)z — km)?

and (5.3.6) and (5.3.7) satisfy all other assumptions of Lemma 9(i), we deduce that Ay,
is first negative, and then positive in (z¢(m, k), +00). This completes the proof that v, is
first increasing and then decreasing in (0, 1).

(ii) cont. Suppose now that m =1 and k > 3. Then

Velw) = 1—=w)?{=k(2k=3)(1—uw) " + (k—1)(k—2)[-kIn(1 — w)](1 —u)~"
2k% + 2k(4k — 3)[—kIn(1 — u)] — (2k — 1)(2k — 2)[~k In(1 — u)]?}.

<0,

Using again change of variable z(u) = —kIn(1 — u), we obtain
(2k — 3
X21k(z) = exp ( ) ho1 k()
Qk: 3
= exp ( > (€7 o k() = Gomi ()T — 2K7]
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with
fork(z) = (k—1)(k—2)x — k(2k — 3), (5.3.8)
gak(x) = (2k—1)(2k — 2)x — 2k(4k — 3).

Function (5.3.8) has a single zero at x;(1,k) = ( h2k3) - We intend to prove that ho .y is

k—1)(k—2) "
negative in (0,2 (1, k)), and changes the sign once in (z;(1, k), c0) from minus to plus. To
verify the first claim we notice that

[EQ
h271’k(56) < Ak(JZ) = (1 +x + ?) f271’k(56) — g271,k($)x — 2k’2

for z € (0,27(1,k)), because fo1 is negative there. We claim that the cubic function

Ap(z) = %(k: —1)(k—=2)2* -k (4k; - g) x® + (Tk* — 6k + 2)z — (4k + 3)k

= az® +bx? +cx +d,

is negative for 0 < x < xf(1,k). Since Ag(zf(1,k)) = —% is negative for all £ > 3,
it suffices to show that the discriminant D = ¢ + p?® of A, is positive, where 3p = 3a;(:2b2,

2271’;3 — 3% + g. Elementary calculations show that D = %, where

2q =
g(k) = 104k% + 120k — 1584k5 + 132k° + 6353k* — 9216k> + 5296k> — 1344k + 128.
We also introduce g1(k) = g(k + 1) — g(k) and ¢g2(k) = g1(k + 1) — g1(k) which amount to

gl(k) = 832k" 4 3752k° — 1160k — 11620k + 5076k> — 6538k* + 1184k — 139,
g2(k) = 5824k° + 39984k° + 79600k* + 46080k® + 7660k — 21792k — 8474,

respectively. The derivative of g2 is increasing for positive k, because it is a positive com-
bination of power functions and a negative constant. Due to ¢2'(3) = 34550040, it is also
positive for £ > 3. Since all g2(3) = 21648658, ¢g1(3) = 3413315, and ¢(3) = 131645 are
positive, we successively conclude that g2, g1, and finally g itself are positive for all £ > 3.
This is the desired statement.

We now check that function

ilQ,l,k(I) = h2,1,k(1’) + 2%k? = €‘Tf2,1,k($) - 92,1,k($)$

fulfills conditions of Lemma 9(i). Indeed, fo1x(x) /o0 asx 7 oo, x¢(l,k) = % >

k(2k—3 6k(k—1
n= 17 g?,l,k <(k—(1)(k—)2)> - 15_2 ) > 0, and
d gaw(z) —6k(k —1)? ~ 0
de far(x)  [(k—1)(k —2)z — k(2k — 3)]? ’
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when k > 3. So there exists #;(1,k) > (1, k) such that hy; x(z) is negative for z;(1,k) <
r < Tj;(1,k) and positive for = > (1, k), and it tends to +oco as z increases to +oo.
Since fy x(z) > 0, by the last claim of Lemma 9(i), ha1 is also increasing for = > 7;(1, k).

Accordingly, function hg 1 g = ha 1 —2k? which is negative on (z(1, k), Z; (1, k)), is increasing
to oo on (7j(1,k),00) as well. Hence it is negative on (x(1,k),z,(1, k)) and positive on
(zn(1, k), 00) for some x5 (1, k) > Z;(1, k). This implies that 7, is first negative and then
positive on (0, 1).

Recall that 11, is consecutively positive and negative. Since every smooth function is
concave around its local maximum, v that starts from 0 at 0 is first concave increasing,
then concave decreasing, and finally convex decreasing and vanishes at the right-end point 1.
By Lemma 7(iv)(a) and (i), respectively, ¥ ; decreases on whole (0, 1). This ends the proof
of Proposition 14(ii).

(iii) For m > 2 and k > 2, the second derivative has the form

= (1-

— (2k—1)(2k —2)

o3[~k In(l —w)]"

and its transformation is equal to

where

with

u) — {— (2k — 3)km[—kIn(1 — u)](1 —u)™*
+ (k—1)(k—2)[~kn(l — w)*(1 — u) ™ — 2k2m(2m — 1) [_kln(nll‘_ W™
+ E*m(m —1)(1 —u)™" + 2k(4k — S)m[_kln(lm_‘ DI
[~k In(1 — u)]m+2
m! ] ’
Xomk(T) = x:;! exp <_(2k:+3)x) hom.k(T),
o) = Fom(0)6" = gn,mi() (5.3.9)
(k—1)(k — 2)2* — k(2k — 3)mz + kK*m(m — 1), (5.3.10)

f2,m,k (I)
92,m,k (Q?)

= (2k —1)(2k — 2)2* — 2k(4k — 3)mz + 2K*m(2m — 1).

We first focus on the case K = 2 and m > 2 with

f2,m,2(x> = _2m($ —2m+ 2),
Goma(r) = 622 — 20mz + 8m(2m —1).
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The first one is linear decreasing with zero at z(m,2) = 2(m—1) > 0. We start with proving

that hgma(z) > 0,0 <z < x¢(m,2). Since €” f,2(x) > [(m 51+ 1)! foma(z) then, it
suffices to show that

o

This inequality can be rewritten as

2

) Joma(x) > 92,m,2($)m7

0 <z <zp(m,2).

3z — 10ma3 + (9m — 4)ma? — m?(m — 1)z — 2m?(m — 1)?
3

4 20 2+ B :132 . — % has two real zeros, which

for 0 <z < xy(m,2). Polynomial py(x) = 3
are approximately equal to —0.4140 and 4.8066. Therefore this is negative on (0, z¢(m,2)) =

(0,2). From now on we take m > 3, and define a family of polynomials

<0

pm@:) =

4 4
Pme(x) = x(z — 2m) (x2 —gme + c) ; m >3, c> §m2.

Under this restriction, the last factor is always positive, and p, . is negative in (0,2m) D
(0,24(m,2)). For every m > 3 we find ¢y = co(m) > gm? such that

P () < Prneo (@) <0, 0 <z <z¢(m,2). (5.3.12)

Put

3c — m? + 4m)z® —m(6c — m? + m)z + 2m?(m — 1)?
del) = Pruc) = pnz) = & Ja* —m( ) (m =1

3
This function is convex and has a negative discriminant under the conditions ¢ > M and
1 1 1 1 1 1
<§m—§—§ 5m+1> (m—1)<c< <§m—§+§\/5m+1) (m—1),

respectively. The former is satisfied for all ¢ > ng. From the latter one we pick ¢y =
(3m — 3 4+ 3VBm) (m — 1), and check below that this is greater than gm?. For a(m) =

co(m) — 5m?, we have a(3) = Ngﬁ ~ 0.9153 > 0 and

2m+/m + 9v5m — 15y/m — 35 b(y/m)
18y/m C18ym’
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say. It remains to observe that b(u) > 0, u > 1, because b(1) = 6v/5 — 13 ~ 0.4164 > 0, and
V() = 3(2u® + 64/5p — 5) is increasing and positive for g > 1. In consequence, a(m) > 0
for every m > 3. This completes the proof (5.3.12) and guarantees positivity of hg 2 on
(0,27(m,2)) for m > 2.

For x > z4(m,2) = 2(m — 1) we apply Lemma 9(i) for showing that —hg,2(z) =
—€” fama2(®) + gama(x)%: changes the sign once from — into +. Note that zy(m,2) =
2(m —1) >m, —gama2(2(m —1)) =16 (m — %) > 0 and

d gamp(r)  32° —12(m — D)z + 4m(3m — 4) —0
dz fomo(z) m(z — 2m + 2)? ’

because the discriminant of the numerator A = —96 (m — %) < 0 for m > 2. Accordingly,
the claim holds, and we conclude that hg,, 2 is first positive, and eventually negative on the
positive half-axis.

The sign sequences of all functions v ,, ,(u) and 95, 5(u), 0 < u < 1, m > 2, are plus and
minus only. Therefore each 15,9 is consecutively convex increasing, concave increasing and
concave decreasing, and always positive. By Lemma 7(iiib), (ivc) and (i), Wa 2 is increasing
from O at the origin to the maximum located in the interval of concave increase of 1, 2,
and decreases to 0 at 1. This proves the Proposition 14(iii) for k£ = 2.

Now we prove the analogous statement for £k > 3 and 2 < m < %k Observe first that
function (5.3.10) has two zeros, because its discriminant Ay(m, k) = k*m[4(k — 1)(k — 2) +

m] > 0. They amount to

(2k — 3)ym + (—1)i/m[A(k — 1)(k — 2) + m]

2(k — 1)(k — 2) k,ooi=L2

xri(m, k) =

The latter is clearly positive, and so is the former, because fa,,x(0) = k*m(m — 1) > 0. We
analyze the sign changes of (5.3.9) in the intervals (0, zf1(m, k)), (xf1(m, k), x¢2(m, k)), and
(z52(m, k), 00), when 2 < m < 2k.

Firstly we show that hg,  is first positive and then negative in the first interval. To this
end we check that functions f = fomk, 9 = gomx satisfy the assumptions of Lemma 9(ii)
with ¢y = x71(m, k) and n = m. We start with verifying relation x;;(m, k) < m for m < ’;—2
(note that this condition is weaker than m < %k:, because %k‘ < %2 for k > 2). The inequality
can be rewritten as

(3k —4)v/m < k\/4(k — 1)(k — 2) +m.

Squaring the left- and right-hand side expressions, we obtain the inequality which simplifies
to 4(k* —2m)(k — 1)(k — 2) > 0, as desired.
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Now we show that ga ., x(2f1(m, k) > 0 for m < (kﬂ) . This restriction implies m < 2k,

because 2k < (kH for all £ # 1. We have go . (27, 1(m k)) = k - ay(m, k), where

2)

ar(m, k) = 2(k +1)(k — 2) + 3m — 3/m[4(k — 1)(k — 2) +m)]. (5.3.13)

This is positive when [2(k+1)(k —2) +3m]? > 9m[4(k —1)(k —2) +m], and this is equivalent
to 4(k — 2)*[(k + 1)* — 6m] > 0.

We finally check that r(z) = £ ’“(mg has positive derivative in (0,z1(m, k)), when 2 <

(z
m < 2k. We have r'(z) = amk(x) where

2km
I3 e (@)
amp(z) = =3(k — 1)%2% 4+ 2k(k — 1)(3m — k — 1)z + k*m(2k — 3m).

This is concave, and its discriminant A, = 4k*(k — 1)?[(k + 1)> — 6m] > 0 when m <
@. Hence a,  is positive in (0, z1(m, k)) (and so is r’) if it is non-negative at the end-
points. We have a,,x(0) = k*m(2k — 3m) > 0 when m < 2k. Moreover, ami(zs1(m, k) =

ﬁaz(m, k), where

= /m[4(k —1)(k — 2) + m]ai(m, k).

(cf 5.3.13)). This is non-negative if m < %. Since all the conditions of Lemma 9(ii) are
fulfilled, Ao, has a single zero in (0, z1(m, k)), and it changes the sign there from plus to
minus.
Next we prove that ho,,k(z) < 0, xp1(m, k) < © < xp2(m, k) for all £ > 3 and 2 <
m < 2k. We first treat case m = 2, k = 3. Since fon3(z) < 0, z € (271(2,3),272(2,3)) =
(3(3—V5),2(3+V5)) ~ (1.1459,7.8541), we have
2 a2 x?
hags(z) < (1 to+ o+ ) fa3(x) — 92,2,3($)?-
The right-hand side equals to z° — 362* + 15023 — 18322 + 54. This polynomial has three
zeros approximately equal to —0.4565, 0.7904, 31.4099, and is negative in (0.7904, 31.4099) D
(1.1459,7.8541). It remains to consider k > 4 with 2 < m < %kz, and use the bound
xm—l T 3’)2 m
T T\ 1 - - N m - m -
(m_ 1>‘ |: + + :| f2, ,k(x) g2, ,k(x)m'

m  m(m+1)
The right hand-side is negative iff

pn() = (k—1)(k —2)z* + (=5k*m — 3k* + 6km + 3k)2®
+  (8k*m?* + 6k*m — 6km? — 6km + 2m?* + 2m)z?
+ (=5K*m® — 4k*m? + 3km® + E*m + 3km?)z + k*(m* — m?) < 0.

hgjmjk ($) <
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Define
(1) = (k = 1)(k = 2)(z = 1)*[z — zp1(m, k)][x — 2f2(m, k)],

which is non-positive in (zs1(m, k), x2(m, k)), and set

Ak (T) = @t (T) — Pmi() = a(m, k)z® + b(m, k)2® + c(m, k)x + d(m, k),

where
a(m,k) = 3k*m +k* — 3km + 3k — 4,
b(m,k) = —Tk*m? —3k*m + 6km?* + k* — 2m* — 3k — 2m + 2,
c(m, k) = 5k*m®+ 2k*m?* — 3km® — k*m — 3km? + 3km,
dim,k) = —k*m"*+ 2k*>m* — mk>.

. a(m,k)c(m,k)—b%(m, 3(m, m,k)c(m, m,
With use of p(m, k) = 3a( k)gi(m’f;)f (mk) and q(m, k) = 5123((mf€,3) — b(ﬁaf()ﬁfyk)k) + ;i((mﬁg), we
write down its discriminant

Dim, k) = p%(m. k) + ¢2(m, k) =~y (m, b
m — m m e — m
3 p ) q ) 180@(7”7 k/’)4 0 ) ’
where 8y(m, k) = 320 ags(m)k’, with
ago(m) = —4m? —48m® — 136m” — 32m° + 276m° + 128m* — 264m> — 48m?

+

124m — 32,
ap1(m) = 48m” +480m® + 1452m" + 948m® — 2112m® — 2076m* + 1680m*

+ 996m?* — 876m + 144,

aga(m) = —196m® — 1660m® — 5052m" — 4708m° + 4975m° + 8458m*
— 3163m> — 4302m?* + 2339m — 264,

apsz(m) = 288m’ + 2124m® + 6432m" + 7782m° — 2238m° — 11184m* — 24m?®
+  6360m? — 2502m + 252,

apa(m) = —64m? — 440m® — 1905m" — 4044m° — 2602m° + 2818m* + 3331m?
— 3042m? + 923m — 132,

aps(m) = —228m" — 732m° — 540m® + 2016m* — 816m> — 60m + 36,

ape(m) = 60m" + 180m° + 840m° — 280m* — 344m> + 36m? + 52m — 4.

Our purpose is to show that dg(m, k) and so D(m, k) are positive for all k& > 4 and 2 <
m < %k Observe that dy(2, k) = 39092k5 — 67668%> — 670046k* + 1782480k3 — 1216850k? +
309000k — 25000, and its greatest real zero is approximately equal to 3.5943 which means
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that dy > 0 for m = 2 and k > 4. Similarly, 6y(3, k) = 435068k5 — 1022364k> — 11599695k" +
37943730k3 — 27453327k% + 7331148k — 644204, has its greatest real zero approximately at
4.6413 so that §p > 0 for m =3 and k > 5 > 3m > 4.5.

We can focus on proving that do(m,k) > 0 for m > 4 and & > ym. To this end we

introduce polynomials 0;(m, k) = §;_1(m,k + 1) — d;_1(m, k), j
aj;(m)k" with coefficients

5y(m. k) =
aro(m)
a1 (m)
a1.2(m)
a1.2(m)
ar.a(m)
a1.5(m)
azo(m)
az,(m)
aza(m)
az.a(m)
az.a(m)
aso(m)

a371(m)

a372 (m)

6—J
i=0

_|_

+

3
1,2,3,4, of the form

76m° + 504m® + 759m” — 574m°® — 1677Tm® — 248m* + 664m> + 48m?>
124m + 32,

216m° + 1292m® + 792m” — 4826m° — 4832m° + 3036m* + 782m>
1476m? + 876m — 144,

480m° + 3732m® + 6486m™ — 5538m° — 15126m° — 684m* + 6594m>
1368m? — 1788m + 264,

—256m° — 1760m® — 8700m" — 19896m° + 992m° + 25832m*

1716m> — 11448m? + 4132m — 248,

—240m" — 960m° + 9900m° + 5880m* — 9240m> + 540m>+ 480m+120,
360m” + 1080m°+ 5040m° — 1680m™* — 2064m>+ 216m>+ 312m—24,
440m° + 3264m® — 1302m" — 30140m° — 4026m° + 32384m*

5644m? — 10800m? + 4012m — 32,

192m? + 2184m® — 12288m" — 69204m° + 37524m° + 91248m*
39240m?* — 28368m? + 12300m + 144,

—768m° — 5280m® — 23940m” — 54648m° + 112776m° + 95976m*
81228m> — 28944m? + 18396m — 264,

2640m" + 6960mS5 + 90000m° + 6720m* — 57600m> + 4320m>

5040m + 240,

1800m" + 5400m® + 25200m° — 8400m?* — 10320m> + 1080m>

1560m — 120,

—576m° — 3096m® — 31788m" — 111492m° + 265500m° + 185544m*
188388m? — 51912m? + 37296m,

—1536m° — 10560m® — 32760m™ — 66816m° + 596352m° + 178512m*
376536m> — 40608m* + 58152m — 288,

18720m" + 53280m° + 421200m° — 30240m* — 234720m>

19440m? + 24480m,
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azz(m) = 7200m" + 21600m° + 100800m° — 33600m* — 41280m> + 4320m>
4+ 6240m — 480,

aso(m) = —1536m" — 10560m® — 6840m" + 8064m® + 1118352m° + 114672m*
—  652536m° — 16848m? + 88872m — 768,

asi(m) = 59040m” 4 171360m° + 1144800m° — 161280m* — 593280m>
+  51840m* + 67680m — 1440,

azo(m) = 21600m" + 64800m° + 302400m° — 100800m* — 123840m> + 12960m>
+ 18720m — 1440.

We first show that d4(m, k), which is quadratic function of argument k, is positive for all
m >4 and k > %m. Coefficient a42(m) has the greatest real zero approximately equal to
0.5121. Therefore ay2(m) > 0 for all m > 4. In order to prove positivity of d4(m, k) for all
m > 4 and k > %m, it suffices to verify that d4(m,0) < 0 < d4 (m, 37’”) The first relation
follows from the fact that d4(m, 0) = a40(m) has the greatest zero at 3.9567, i.e. it is negative
for m > 4. The latter one is true because d, (m, 377”) = 47064m° + 223800m? + 930600m7 +
1498464m° + 597792m> — 746088m* — 532656m3 + 81432m? + 86712m — 768 has the greatest
zero at 0.5127, and it positive for greater m. So we proved that d4(m, k) > 0 for m > 4 and
k> %m

We show the same for §3. For fixed m, the smallest possible values of k are 32 if m is

2
even and 3’”2—“ if it is odd. Since

3
5 <m, —m> —  21996m'° + 98604m° + 407844m® + 702288m7 + 575676m°

+ 19728m° — 314460m* — 195840m> + 35316m? + 36864m,

3m+1
83 <m, m+> = 21996m'°+122136m° +511644m®+1135908m" +1190088m°

+ 213324m° —620904m* —392868m> +62532m>+72300m — 204,

are ultimately positive, and have greatest zeros equal to 0.5174 and 0.5155, respectively. They
are positive for all m > 4. Positivity for greater k follow by induction from the relations
d3(m, k + 1) = d3(m, k) + d4(m, k) > 0, because both summands are greater than 0.

In the same manner we can prove the same conclusions for 4,, j = 2,1, and 0. It suffices

to check that the leading terms of 9, (m, 37’”) and ¢; (m, 3m2+1) have positive coefficients, and
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respective maximal zeros are less than 4. Indeed, we have

14769 49311
— M om0 £ 100916m° + 123099m® + 119073m”

g
—~
3
o] €
~——
I

2
106319 54879 150395
+ 5 7n6—-—75—4n5—- 5 m* — 5995m? + 7056m?
+ 4228m — 32,
3 1 14769 71307 738789
52<nu "g* ) = —7;—nf1+-———nf0+14m3&n9+3mm9&n8+ m’
88749 341783 42165
+ 220087nf‘—-——5—-nﬁ-— 7n4-70048nﬁ«+-—7;—4n2
N 30977 7
—m —_—
2 2’
3 7479 8505 52721 13347
01 m,—m = —mP 4+ = 12771 - T -
2 4 4 4 2
6129 20099 74703
+ -—Z—nf———TT—Wf———fI—4n5+]855&n4—€M1mn3
+ 1956m? — 340m + 32,
3 1 7479 11637 89397 111575 114795
5, (m, m2+ ) _ Tm12+Tmll+Tmlo+Tm9+ . ms
87531 102723 28513 6011
+ —jf—nf-—zsgynﬁ—- 1 m’ — 1 m* - 3
8571 7
- —7r4n2+40&n%—1,
3m\ 5751 ., 14985 , 17487 ., 38871 o 55325
(50(m,2)—16m 16m+16m 4m—|—4m
120585 31243 2429 263301
— m® — m’ — mS + m® — 16144m*
16 4 16 16
29373
- —Z—m?—wamﬂ+&mm—3z
3m + 1 5751 27 80631 16785
6 — 3 =5 12 1233 11 10 9
°<m’ 2 ) T T 6 " 6 "
_4m8_wmw_%mw+wmw_%%ﬁ
4 8 16 8 8
47 5 231 , 279 27
- —m — —m —m— —
4 4 8 16
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satisfy the first requirement, and their greatest zeros are approximately equal to 0.5468,
0.5291, 1.0630, 0.6453, 3.3136, and 2.2059, respectively. This completes the proof that
do(m, k) and so D(m, k) are positive for every m > 2 and k > %m, and implies that each
respective d,, , has a single real zero where it changes its sign from minus to plus.

In order to show that d,, > 0 on (zs1(m,k),xs2(m,k)), it is enough to check the
condition at z;(m, k) only. We have

E3m~/m(m + 1)

o (2 1 (m, k) = =5E

a(m, k),

where
a(m,k) = /m[k(2k* +k —19) + 3m(k — 1) + 18]
— [(k+1)(k—=2) +3m(k — 1)]/4(k — 1)(k —2) +m.

Since both terms are positive for £k > 4 and 2 < m < %k’, we can verify positivity of the
difference of their squares. This can be reduced to the inequality

4k(k —1)(k —2)*(m = D[(k+1)* - 6m] >0

which is true under our restrictions. Accordingly, positivity of d,, ; on interval
(xp1(m, k), x52(m, k)) implies negativity of p,,  and hg,, . there.
Now we prove that hg,, x is first negative and then positive in (xf2(m, k), 00) when k& > 3
3

and m > 2 (assumption & > $m is redundant in this case). We use Lemma 9(i) with

[ = fomk, 9 = G2mp, n = m, and x5 = xs2(m, k). Obviously, fo,k(x) / 00 as x 7 oo.
Condition xfs(m, k) > m is first verified for m = 2. We have

2k —3++/2(k—1)(k—2)+1
(k—1)(k—2)

2ra(2,k) = k>2, k>2

ifft

kv/2(k —1)(k—2)+1>2(k —1)(k —2) — (2k — 3)k = —3k + 4.

This is obvious, because the left- and right-hand sides of the inequality are positive and
negative, respectively. We also check that numerator and denominator of

i[x () — m] = (3k — 4)/m[4(k — 1)(k — 2) + m] + 2k(k — 1)(k — 2) + km
am B 20k — 1) (k — 2)/m[a(k — 1)(k — 2) + m]

are greater than 0, which implies that z¢o(m, k) > m for every k > 3 and m > 2. Further,
we easily see that
mk?

(k—2)?

2k(k — 1) +3m — 4 4+ 3/m[4(k—1)(k—2) +m]| > 0.

gQ,m,k(xf,Q(ma k)) =
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Since

d ga.mk(T) _ 2km
dx f2,m,k ("L‘) f22,m,k (‘T

) A 1 (T),

where

amp(z) = =3(k — 1)%2% 4+ 2k(k — 1)(3m — k — 1)z + k*m(2k — 3m),

it suffices to check that a,, ;(z) < 0 for x > xy5(m, k). Note that the coefficient at the square

term is negative, and A, = 4k*(k —1)?[(k+1)? — 6m]. If m > @, then ay, (z) < 0 for all

x € R, as desired. For m < %, we prove that the greater zero of a,, (unique if A, = 0),

equal to z9,(m, k) = ﬁ <3m —k—14++/(k+1)— 6m> is smaller than z;o(m, k). We
have

6(k—1)(k—2)[xsa(m, k) — z2.(m, k)] = 3vm[d(k — 1)(k — 2) +m]
420k 4+ D)(k —2) + 3m] — 20k — 2)y/(k + 1)Z — 6m.

It suffices to show that the difference of the squares of two expressions in the second line is
positive. This relation can be simplified to 9m[4(k — 1)(k — 2) +m] > 0 which is evidently
true. This completes verification of assumptions in Lemma 9(i) and sign analysis of hg , ; in
(xf2(m, k), 00).

Summing up, for all m > 2 and k > %m, function hg (), x > 0, is first positive, then
negative and finally positive again. If follows that each respective ¥, x(u), 0 < u < 1, is first
convex, then concave, and finally convex. Since it also vanishes at 0 and 1, and is positive,
and has a single maximum in between, it is first convex increasing, then concave increasing
and ultimately decreasing. By Lemma 7, W,, ; is also increasing-decreasing, and its unique
local maximum is global as well.

(iv) If £ > 3 and m > %k’, then limy, o Wy r(u) = lim, Wy x(u) = 0, and so the
supremum of W, ; is attained at some inner point ug of (0,1). O

Proof of Remark 10. Using (5.3.9)—(5.3.11) for m,k > 3, and expanding the exponential
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function into the Taylor series, we obtain

hom k() K*m(m — 1) + [K*m(m — 1) — (2k — 3)km]x

[(K2m(m — 1) — (2k — 3)km? + (k — 1)(k — 2)m(m — 1) — 2*m(2m — 1)] ‘%
[E*m(m —1) — (2k — 3)km(m + 1) + (k — 1)(k — 2)m(m + 1)

(m+1)!

[ — (2k = 3)km(m +2) + (k — 1)(k — 2)(m + 1)(m + 2)

(m+2)!

2k(4k — 3)m(m + 1)]

+ o+ 4+ +

— K*m(m—1)+2(k—1)(2k — 1)(m + 1)(m + 2)]
+ > [kPm(m — 1) — (2k — 3)kmi + (k — 1) (k — 2)i(i — 1)] o

il
1€N\{1,m,m+1,m+2}
0o ' l‘i
1=0
Clearly, a,,,(0) > 0 and a,, (1) = [(m — 3)k + 3]km > 0. Moreover

ami(m) = —m[(k* —2)m + 3k(km — 1) + 2] <0,
amp(m+1) = 2m|[(4k — 3)km + 3k(k — 1) + m + 1] > 0,
amr(m+2) = —k@2m+1)[m(2k —3) +6(k—1)] <0.

Function
Am (1) = K*m(m — 1) — (2k — 3)kmi + (k — 1)(k — 2)i(i — 1)

is decreasing-increasing with the minimum at

y 2k =3)km (k- 1)(k-2)
ke 2(k — 1)(k — 2)

One can easily check that b, > m. This implies that the sign sequence for (amyk);ng is

+ — +—. We also note that

4k —1)(k — 2 1
— ( )< )amk bmJg + = = 8]€3 — 30]{52 + km + 34k — 12
mk 2

= 8(k—2)*+18(k —2)? +10(k — 2) + km >0
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which implies that a,,j is negative for at least one integer ¢ at the neighborhood of b,, . for
every k,m > 3. Furthermore, a,, ;(m + 3) > 0 iff

1
m>u(l<;):§(/{:2+3k—5+\//€4+6k3—13k2+6k+1>,

and by, , > m + 3 iff
(k—1)(k—2)
3k —4

Since p(k) > v(k) for all k > 3, relation a,, x(m + 3) > 0 implies by, > m + 3. Therefore
(m)i2, 15 has the sign sequence + — + if m > pu(k), and —+ when m < p(k). Since
p(k) > %k‘, we conclude from Lemma 4 that for & > 3, under assumptions %k <m < u(k),
and m > p(k), the maximal possible sign changes of hy,,x and ¢y, , are + — + — + and
+ —+ —+—+, respectively. It follows that 1, , may possibly have 2 or 3 intervals of concave
increase then, and V,, ;, may have at most 1 local maximum in each of them. O

m>v(k)=5

Proposition 15. Under assumptions of Proposition 14, with the exception of case m =k =
1, bound
Var(Rerl,k - Rm,k) >0
VYar X; -

18 the best possible. In particular,
(i) if m > 2, and k > 1, then
lim V,, x(u) =0,

u\,0

and the zero bound is attained under conditions of Theorem 6(ii),
(ii) if m > 1, and k > 2, then
}Ll/‘II} \IfmJg(U) = 0,

and the zero bound is attained under conditions of Theorem 6(iii).

Proof. In view of Theorem 7, it suffices to notice that

. _ N

. _ -
i Wyi(u) = 0, m>2

]

Remark 11. Calculating the sharp lower bounds for the case k = m =1 is an open problem.

We have
inf W, (u) =V, ,(0.37977) = 0.88514

O<u<1
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which is the lowest possible value attained by the sequences of continuous distributions tending
weakly to some two-point ones , as in Theorem 6(i). However, when we consider the family of
Weibull baseline distribution functions F,(z) =1 — exp (—x%), x > 0, with shape parameter
a >0 (the scale parameter does not matter here), then we obtain

Var,(Ray — Ry1)
VYar, X
D(1+1/a) +T(2+2/a) = 20(1+ 1/a) t5/3 — 02+ 1/a)=T(1 + 1/a))?
T(1+42/a)—I%(1+1/a)

= V()

> V/(4.88090) = 0.57492

(c¢f Arnold et al, 1998, p. 55).

. . . Var(Rpm+1,k—Rm,k) .
Table 5.1: Upper bounds on variances of kth record spacings T )’}1 2 for k=2,3,4
and m=2,...,8.

2 3 4
up(m, k) \ U,k (uo) || wo(m, k) \ U,k (ug) || wo(m, k) \ U, k()
0.86934 1.06896 || 0.44816 | 0.79186 | 0.26639 | 0.88481
0.95642 1.72309 || 0.75606 | 0.81215 || 0.55201 | 0.69942
0.98432 3.01160 | 0.86434 0.99074 | 0.70792 0.70797
0.99419 5.45217 | 0.92156 1.29382 || 0.80154 0.78566
0.99782 10.0581 || 0.95377 1.75316 || 0.86280 0.91637
0.99918 18.7747 || 0.97243 2.42904 | 0.90421 1.10242
0.99969 35.3359 || 0.98344 3.41419 | 0.93267 1.35393

OO\I@OT%OO[\DS?T‘

Table 5.1 depicts upper bounds on ratios WT(R@Z;’)’“(;R’””“) equal to U, ,(ug) for k =2,3,4
and m = 2,...,8 and arguments ug for which respective functions ¥,, , attain their maxima.
We can observe that when m increases then both arguments ug and values U, x(ug) increase
for all k£ € {2,3,4} except k = 4 and m = 2,3. One can expect that for greater k, the
bounds first decrease and then increase in m. It is also seen that when k increases then both
arguments vy and U, ;(ug) decreases for all m € {2,...,8} except k = 3,4 and m = 2.

Greater values of bounds occur for small k& as m increases.
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Summary

This dissertation is devoted to determination of sharp bounds on the expectations and vari-
ances of linear combinations of order statistics and kth records based on independent and
identically distributed random variables. Its novelty consists in the following. The bounds
on the expectations are expressed in the scale units being the Gini mean difference of the
population. Bounds on variances of single order statistics and records are extended to the
case of proper linear combinations. The main idea of our reasoning consists in integral rep-
resentation of the expectations, variances and covariances of order and record statistics so
that the integrand is the composition of some (usually complicated) function with the base-
line distribution function. Below we present our general results with some exemplary special
cases.

Bounds on the expectations of L-statistics

Suppose that Xi,..., X, are non-degenerate i.i.d. random variables with a finite mean p =
EX;. Let X, < ... < X,,., stand for the respective order statistics. Firstly we focus on
determining of sharp lower and upper bounds on the expectations of properly centered L-
statistics E> """ | ¢;(Xy, — p), with arbitrary ¢q, ..., ¢, € R and their special cases, expressed
in terms of the Gini mean difference scale units A = E|X; — Xs|. Given ¢ = (¢q,...,¢,) € R?
with the arithmetic mean ¢ = %ZLI ci, we define function

- B = n(n —1) o n—2\ ; ne2—i
Zelu) = ; 2(i+ )(n—i—1) [;(C_ Ck)] ( i )“ (=)

on the interval [0, 1].

Theorem (see Theorem 2) Under the above assumptions and notation, the following bounds

are optimal
R Z?:1 Ci(Xi:n - ,u) —_
G2 Zel) SEFETAT S i S
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If 0 < ug < 1 is the argument of the mazimum (minimum, respectively), then the upper
(lower) bound is attained iff the parent distribution function has the form

0, =z<a,
F(z)=<¢ uy, a<z<b,
1, x>0,

for arbitrary a < b.
If the mazimum (minimum) amounts either to Z.(0) or to Z¢(1), then the upper (lower,

respectively) bound is attained in the limit by the two-point distributions such that the prob-
abilities of the smaller point tend to 0 and 1, respectively.

If =. has multiple extremes which happens very rarely other discrete distributions may attain
the bounds as well. We do not discuss them here. For brevity of presentation, further on
we use the following convention. Writing either the lower or the upper bound as Zc(ug),
say, for some 0 < ug < 1, we mean that the bound is attained by the two-point distribution
described in the Theorem. If the bound is either Z.(0) or Z¢(0), the bounds are attained in
the limit by the two-point distributions with probability of the smaller point tending to 0
and 1, respectively.
For single order statistics X,.,,, 1 <r <n, = simplifies to

r—2 n—2
—1 —2\ A —1 (n—2\ . .
*—*rn E n <n . )uz(l _ u)n—Q—z n. (n ‘ )UZ(]_ . u)n—Q—z'
ZZOQn—z—l i = 20+ 1)\

Proposition (see Proposition 1) (i) For the extreme order statistics, we have

—_ n— 1 X m —_ ]-

:1171(0) = - 9 < EITM < :lzn(l) = _57
En'” =- < E——-—< E:n:n 1) =

0 =g < BRtes, )= 1

(1i) For the second extremes, the deriwatives Z.., (u), r = 2,n — 1, have unique zeros vi(2)
and uy(n — 1) = 1 — v1(2), respectively, and

— )(2:71_,u — 1
Eon(v1(2)) < E—— < Epp(0) = -,
an(v1(2)) < A < Z2a(0) 9
—_ 1 an m o
()= —5 € BEZR B <E L (n(n—1))

(111) For 3 <r <n—2, 2 (u) has two zeros ui(r) < vy(r) in (0,1), and

Xr:n - —
Er:n(vl(r)) S ET“ S ':‘TITI(ul (T’)),
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In a similar way, we evaluate the expectations of differences of two order statistics, trimmed
and Winsorized means, and their differences, and mean deviation from the median.

Bounds on the variances of L-statistics

We consider i.i.d. random variables X1, ..., X, with a positive and finite variance. Define

[n—1 n i+1 n—1 ' '
befu.v) = m( )( Z. )u%l—u)”—l—@]
=0 k=1
1
— U

LSS = (58N (5
i=0 j=i ((+Dn—1-7) k=1 m=j+2 "
n! iy — )i~ p)—2-
- Z'(J—i)!(”—J)'u(U yra=o)

for 0 <u <wv < 1andset Vc(u) = Pc(u,u).

Theorem (see Theorem 3) Under the above assumptions and notation, we have

Var(3 o, ¢iXin)
= < sup P.(u,v).
Var X, B O<u§l;)<1 ( )

Moreover, if

sup  Pe(u,v) = sup We(u),

O<u<v<l O<u<1
then the bound is sharp.

We also show that the lower bounds on the ratio %ﬁ){“) trivially vanish iff c¢;¢, = 0.

In the case of spacings X;11., — X, 1 <17 < n < oo, function V. takes on the form

U, (u) = (’;) w1 — )i {1 - (Z‘) ui(1 — u)”_i] .
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Proposition (see Propositions 9 and 10) The following bounds are sharp.
(i) If integer n > 3, then

0= \Illn(l) S Var(%}thn) S \Ijlzn(o) =n,
0= \Ijnflzn(o) < Va’”(Xg’;;n_;in—lm) < \Ijnflzn(l) = n.

(11) If integer n > 4 and 2 < i < n — 2, then V., has either one or three zeros, and

VC”’(Xlen - Xi:n)
n(0) (1) Var X;

S \Ilzn (UO) )

/
“n

where uq 1s either the single zero of the derivative, or the first or third zero of V. otherwise.

The argument is chosen then so that it provides the greater value of V..

Case n = 2 with ¢ = 1 for which the lower bound is strictly positive is not discussed in
this summary.

Bounds on the expectations of linear combinations of
records

Let X1, X,... be ii.d. random variables with finite mean p. Let R;j, Rak, ... denote re-
spective kth record values. We assume that ER,, ; < oo for some fixed n and k. Below we
describe sharp lower and upper bounds for expectations of arbitrary linear combinations of
kth records E [2?:1 ci(Riy — ,u)] , centered about the population mean, and expressed in the
Gini mean difference units A = E|X; — X5|. We use the following notation

Su(0) = o [(1—u>k—1§ [~ kil = )] —1],

2u — il
n n—1 n . n
= = 1 - [—kIn(l —u))’
=) = Soezatn= £ [a-u o (o) ERE s,
i=1 =0 \j=i+1 ' j=1
where ¢ = (¢1,...,¢,) € R™

Theorem (see Theorem 5) Under the above assumptions and notation, the following bounds

E [27_1 ci(Rix — ,U)}
inf = < i= : < =
odnf Zep(u) < A < sup ek (W)
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are sharp.

The attainability conditions are similar to these in the expectation problems. The only
differences are that exact values at the end-points 0 and 1 are replaced by respective limits,
and discrete two-points distributions are replaced by their continuous approximations. Ac-
cordingly, all bounds for the combinations of records are attained in the limit. For single
records I?,, , we have Z¢j = =, k.

Proposition (see Proposition 12) For various naturaln > 2 and k > 1, we have the following
sharp bounds.
(i) Forn > 2 and k =1, yields

1 E(R,1 —
5 — En71(0_|_) < M

(ii) If n = k = 2, then

— E(Ra2 — -
—— =E54(1-) < ( 22 #) < Ega(04) = =
(ii1) Forn >3 and k = 2
1 . —_ ]E(Rng —[IJ) —_ 1
—— = lim Sya(l-) < 27 oo -
Jim n2(1-) < A < Ena(w) > 3,

where uy is the unique zero of 2, , in (0,1).
(iv) Forn =2 and k >3

1 W<:2k(o+):1
>~ =2, 9’

where uy € (0,1) is the unique solution zero of =y, in (0,1).
(v) For k >3 and n > 3, we have

1 —_ E(Rnk —/L) —_ 1
—— > 5, < — = < E, > —,
9 ,k(u2) > A > ,k(ul) 5

with 0 < uy < ug < 1 being the only two solutions to equation = , (u) = 0.

Similarly, we evaluated the expectations of differences of kth record values E(R, ; — Rik),
1<m<n.
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Variances of linear combinations of records

Let X;, Xs,... be i.i.d. random variables with finite second moment. Assume that ERiyk <
oo. For given positive integers n and k, and for a fixed non-zero vector ¢ = (¢y,...,¢,) € R",
we define functions

(I)c,k(uvv) = <1_u—v)_1 { [Z Cj — (1 — u)k - ( Z Cj) [_k ln(zll — u)r]

j=1 i=0 \j=i+1

X
3
L
<
]
O
N
|
=l
—_
jm
NA
—| =
|
>t
P

P (1) —kIn(l — w)]t9[—kIn(1 — v)]P*
(1 = Dlg(p — ¢)!(p + 1)

acting on the triangle 0 < u <wv < 1, and Ve (u) = Pep(u,u), 0 < u < 1.
Theorem (see Theorem 6) Under the above conditions and notation, we have

Var(> ", ciRiy)
L — < sup Pepl(u,v).
Var X, - 0<u§11:))<1 ok{t: )

Moreover, if
sup P r(u,v) = sup Vep(u),

O<u<v<1 O<u<l1

then the bound is sharp.

We also proved that the lower bounds on the variance ratio vanish except for the case k =1
with ¢; # 0. For the kth record spacings Ry,+15 — Ry, function Wy has a simpler form

[—kIn(1 — u)]™(1 — u)k! - (1 —w)k[—kIn(1 —u)]™
um/! m!

\Ifm,k(u) =
Proposition (see Proposition 14) The following bounds are tight.
(1) If k=1 and m > 1, then

Var(Rm+1 1 — Rm 1)
: = <V, 1(1-) = )
VYar X; - 1(1=) = oo

(i) If m =1 and k > 2, then

Var(RZk - Rl,k)
Var X;

S \Iflyk(O—F) = k

110



(111) If either k =2 <m ork >3 with2 <m < %k‘, then

VCLT’(RerLk - Rm,k)

<V, ,
VYar X; - ok (o)

where 0 < ug < 1 is the unique solution to W, , (u) = 0.
() If finally k > 3 with m > 2k, then

Var(Rps16 — Romg)

<y
Var X; < Wi (uo),

where 0 < ug < 1 is the global mazimum point of ¥, over (0,1).

In the last case, we can formally prove that W,, ; has three local maxima at most.
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Streszczenie

Dysertacja ta poswiecona jest wyznaczeniu optymalnych oszacowan wartosci oczekiwanych i
wariancji kombinacji liniowych statystyk pozycyjnych oraz k-tych rekordéw skonstruowanych
na bazie niezaleznych zmiennych losowych o tym samym rozkladzie. Jest ona nowatorska
w dwdéch aspektach. Oszacowania wartos$ci oczekiwanych zostaly wyrazone w jednostkach
sredniej réznicy Giniego populacji, a oszacowania wariancji pojedynczych statystyk pozy-
cyjnych i rekordow zostaly uogélnione na przypadek nietrywialnych liniowych ich kombinacji.
Zasadnicza idea naszego rozumowania polega na przedstawieniu wartosci oczekiwanych, wa-
riancji i kowariancji statystyk pozycyjnych i rekordowych w postaci catkowej w taki sposdb,
aby wyrazenie podcatkowe stanowilo zlozenie pewnej funkcji (zwykle opisanej bardzo skom-
plikownym wzorem) z dystrybuanta rozwazanych zmiennych losowych. Ponizej prezentujemy
nasze ogdblne rezultaty wraz z przyktadowymi przypadkami szczegdlnymi.

Oszacowania wartosci oczekiwanych L-statystyk

Przypusémy, ze X;,..., X, sa niezdegenerownymi, niezaleznymi zmiennymi losowymi o tym
samym rozkladzie ze skonczona srednia p = EX;. Niech X, < ... < X,., oznaczaja
ich statystyki pozycyjne. Najpierw koncentrujemy sie na wyznaczeniu optymalnych osza-
cowan gérnych i dolnych wartosci oczekiwanych odpowiednio scentrowanych L-statystyk
E> " ¢(Xin — p), dla dowolnie ustalonych ¢y,...,¢, € R, oraz ich specjalnych przy-
padkéw. Sa one wyrazone w jednostkach sredniej réznicy Giniego A = E|X; — X5|. Dla

c=(c1,...,¢,) € R" ze $rednia arytmetyczng ¢ = = 377 | ¢; definiujemy funkcje
n—2 i+1
— n(n —1) - n—2\ . o
Selu) = . . - . (I —u)"
() ; 20+ 1)(n—i—1) [;(C Ck)] ( i )u (1—u)

okreslong na przedziale [0, 1].

Twierdzenie (patrz Twierdzenie 2) Przy powyzszych zatozeniach i oznaczeniach, nastepujgce
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oszacowania s¢ optymalne

Zn—l Ci(Xi:n - ;u) —_
< = < = .
0<u<l1 <k A - 0%52(1 o(u)

Jesli 0 < ug < 1 jest argumentem maksimum (odpowiednio minimum), to gdrne (dolne) osza-
cowanie jest osiggane wtedy i tylko wtedy, gdy dystrybuanta rozwazanych zmiennych losowych
ma postaé

0, z<a,
F(z) =4 up, a<x<b,
1, x>0,

dla dowolnie ustalonych a < b.

Jesli maksimum (minimum) wynosi albo Z.(0) albo Z¢(1), to gorne (odpowiednio dolne)
oszacowanie jest osiggane w granicy przez rozktady dwu—punktowe takie, Ze prawdopodo-
bienistwa mniejszego punktu zbiegajg odpowiednio do 0 i 1.

Jezeli =, ma wielokrotne ekstrema, co zdarza sie bardzo rzadko, to rowniez inne rozklady
dyskretne osiagaja te oszacowania. Nie omawiamy ich w tym streszczeniu. W celu skrécenia
naszej prezentacji, bedziemy tez uzywac¢ nastepujacej konwencji. Piszac, ze dolne albo gérne
oszacowanie wynosi Z¢(ug) dla pewnego 0 < ug < 1, przyjmujemy milczaco, ze oszacowanie
to jest osiagane przez rozklady dwu-punktowe opisane w powyzszym twierdzeniu. Jezeli
oszacowanie jest rowne Z.(0) albo Z¢(1), to jest ono osiagane w granicy przez przez rozktady
dwu-punktowe o prawdopodobienstwie mniejszego punktu zbiegajacym odpowiednio do 0 i
1.
Dla pojedynczej statystyki pozycyjnej X,.,, 1 < r < n, funkcja =, upraszcza sie do

i=r—1

Stwierdzenie (patrz Stwierdzenie 1) (i) Dla skrajnych statystyk pozycyjnych mamy

= n—1 X:n_ _ 1
Zn(0) == < E——— < =,..(1) = )
(=1 < Xt om0

(11) Dla sgsiadujgcych ze skrajnymi statystyk pozycyjnych, pochodne = (u), r = 2,n—1, majg
jedyne miejsca zerowe, odpowiednio v1(2) i ui(n — 1) =1 —v1(2), i zachodzg nieréwnosci

X2'n — U —_ 1
Eon(01(2)) < EZ2"H o=, 0)= =,
2n(v1(2)) < A < E2:n(0) 5
—_ 1 Xn— m o —_
:n—lzn(l) - _5 S ]ElTM S :n—lzn(ul(n - 1))
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(i1i) Dla 3 <r <n—2, 2 (u) ma dwa miejsca zerowe uy(r) < vi(r) w (0,1), i wowczas

X —
Er:n<vl(r)) S ELM

A < Er:n(ul (T))

W podobny sposéb szacujemy wartosci oczekiwane réznic dwu statystyk pozycyjnych, ucie-
tych i Winsoryzowanych srednich, ich réznic oraz sredniego absolutnego odchylenia od me-
diany.

Oszacowania wariancji kombinacji liniowych statystyk
pozycyjnych

Rozwazamy niezalezne zmienne losowe Xi,..., X, o tym samym rozkladzie z niezerowa i
skoniczona wariancja. Definiujemy

- S () (o
Fno1 n n . -
S () (7)o
n—2 n—2 n(n . 1) i+1 n
X -n! ul(v—u)j ‘(1 U)"’Q*J

dla 0 < u <wv < 1. Niech ¥ (u) = Pe(u, u).

Twierdzenie (patrz Twierdzenie 3) Przy powyzszych zaloZeniach i oznaczeniach, zachodzi

Var(> ", ¢iXin)
= < sup P(u,v).
VYar X; o o<u§Iv)<1 (v, v)

Ponadto, jezeli
sup  Pe(u,v) = sup We(u),

O<u<ov<l1 O<u<1

to powyzisze oszacowanie jest optymalne.
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Pokazujemy takze, ze dolne oszacowanie ilorazu % jest rowne 0 wtedy i tylko

wtedy, gdy cic, = 0. W przypadku spacji Si, = Xip1:n — Xim, 1 <@ < n < oo, funkcja ¥,
ma postac
Wi (u) = (") w1 =) {1 - (”) (1l — u)”i] .
v i

Stwierdzenie (patrz Stwierdzenia 9 i 10) Nastepujgce oszacowania sg optymalne.
(1) Jeslin > 3, to
0= ‘Illn(l) S Var(i](z;—n)zl)ﬁ;n) S \Ijl:n(o) =n,

0= \Ijn—lzn(o) < VGT(X{;ZLT_QH*L”) < \Ijn—lzn(l) = n.

(11) Jeslin >4 12 <i<n—2, to pochodna V., ma albo jedno albo trzy miejsca zerowe, i
wtedy

Var(Xiyim — Xin)
n(0) nll) = Var X,
gdzie ug jest albo pojedynczym miejscem zerowym pochodnej albo pierwszym bgdZ trzecim
miejscem zerowym W, . Sposréd nich wybierany jest ten argument, dla ktorego wartosé V.,
jest wieksza.

S \Ijzn (UO) )

Przypadek n = 2 oraz ¢ = 1, dla ktorego dolne oszacowanie jest dodatnie, nie jest omaw-
iany w tym streszczeniu.

Wartosci oczekiwane kombinacji liniowych rekordéw

Niech X, X, ... beda niezaleznymi zmiennymi losowymi o tym samym rozktadzie ze skonczo-
na srednig p. Ponadto, niech Ry, Ra, . .. oznaczaja odpowiednie wartosci k-tych rekordow.
Zatozmy, ze ER, ), < oo dla pewnych ustalonych n i k. Ponizej opisujemy optymalne
dolne i gorne oszacowania wartosci oczekiwanych kombinacji liniowych k-tych rekordow
E [Z?:l ci(Ri — p)}, scentrowanych wzgledem $redniej populacji, i wyrazonych w jednos-
tkach éredniej réznicy Giniego A = E|X; — X5|. Uzywamy nastepujacych oznaczen

A
2u P 2!
n n—1 n . n
= 3 1 - 3 [—kIn(l —u))’
“C»k(u) = Ci=i k(u> - % [(1 B u)k 1 < CJ) 7! - Gl
=1 =0 \j=i+1 j=1



gdzie ¢ = (¢q,...,¢,) € R™

Twierdzenie (patrz Twierdzenie 5) Przy powyzszych zatoZeniach i oznaczeniach nastepujgce

08zacowania E [Z" (R )]
: —_ 1= &) ik — lu —_
= < =Lt h < =
odnf Zep(u) < A < sup ek (1)

sq optymalne.

Warunki osiagalnosci sa podobne do tych z probleméw oszacowywania wartosci oczeki-
wanych L-statystyk. Jedyna réznica polega na tym, ze dokladne wartosci w punktach 01 1
sa zastapione przez odpowiednie granice, a dyskretne rozktady dwu-punktowe sa zastapione
przez ich ciagte przyblizenia. Zgodnie z powyzszym, wszystkie oszacowania dla kombinacji
rekordow sa osiagane w granicy. Dla pojedynczych rekordéw R, i, zachodzi Z., = =, k.

Stwierdzenie (patrz Stwierdzenie 12) Dla réznych liczb naturalych n > 2 i k > 1, mamy
nastepujgce optymalne oszacowania.
(i) Dlan >2 ik =1, zachodzi

1 E(R,1 —
g0 < Mt p)

2 A
(i1) Jezelin =k =2, to
1 _ E(Rg2 — _ 1
—5 = :,272(1—> S % S \:272(0"‘) = 5
(11i) Dlan >3 ik =2
1 .- E(R,2 — — 1
— = ul}l{li Ena(l—) < % < Ena(ur) > 5

gdzie uy jest jedynym miejscem zerowym Z;, 5 w przedziale (0,1).
(iv) Dlan =2 oraz k > 3

1 — E(RZ,k — 1)
A
gdzie uy € (0,1) jest jedynym miejscem zerowym =5 . in (0,1).
(v) Dla k >3 in >3, mamy

1 —_ E(Rn k— M)

R S —Y

gdzie 0 < uy; < ug < 1 sg jedynymi rozwigzaniami réwnania E;lk(u) = 0.

_ 1
< Epk(04) = o

_ 1
< Epp(ug) > >

Podobnie wyznaczamy oszacowania wartosci oczekiwanych réznic wartosci k-tych rekordow
E(Rn,k — RmJ{;), 1<m<n.
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Oszacowania wariancji kombinacji liniowych rekordéw

Niech X, X5, ... beda niezaleznymi zmiennymi losowymi o tym samym rozkladzie i skon-
czonym drugim momencie. Zalézmy tez, ze ]ER?%,C < o0. Dla danych liczb naturalnych n i &,
oraz dla ustalonego niezerowego wektora ¢ = (cq,...,¢,) € R", definiujemy funkcje
n n—1 n .
(1 —wv)F! [—kIn(1 —u)]*
R S S D O3 =t
j=1 i=0 \j=i+1 '
n—1 n ;
[—kIn(l —v)]
<3 (xa)
i=0 \j=i+1
T &N (— 1)~k In(1 — )] 9]~k In(1 — v)]P~
) (i = Dlallp = )!(p+ 1)
1<i<j<n p=0 ¢=0

okreslong na tréjkacie 0 < u < v < 1, a takze Ve p(u) = Pep(u,u), 0 <u < 1.

Twierdzenie (patrz Twierdzenie 6) Przy powyzszych warunkach i oznaczeniach mamy

Var(3 i, ciik) < sup  Pepl(u,v).

Var X, T o<u<v<l

Ponadto, jesli
sup  Pcr(u,v) = sup Vep(u),

O<u<v<l O<u<1

to oszacowanie jest optymalne.

Dowodzimy takze, ze dolne oszacowania wariancji kombinacji liniowych k-tych rekordow sa
réwne 0, za wyjatkiem przypadku & = 11 ¢; # 0. Dla spacji k-tych rekordéw R, 115 — R,
funkcja W, , ma prostsza postac

[—kIn(1 — u)]™(1 — u)k! (1 —w)k[—kIn(1 —u)]™

Vome1t) = um/! b= m!

Stwierdzenie (patrz Stwierdzenie 14) Nastepujgce oszacowania sg optymalne.
(i) Jeslik=11im > 1, to

Var(Rm—l-l,l - Rm,l)
VYar X; - ’




(ii) Jezelim =1 oraz k > 2, to

VCLT(RZ]@ — Rl,k)

<P =k.
Var X; - 1’k<0+) K

(11i) Jesli albo k =2 < m albo k >3 oraz2 < m < %k:, to

VCLT(RerLk - Rm,k)

< \Ilm )
Var X; - ok (o)

gdzie 0 < ug < 1 jest jedynym rozwigzaniem réwnania ¥, (u) = 0.
(iv) Jezeli wreszcie k > 3 oraz m > %k, to

Var(Rpyt1.k — R k)

<V, ;
VYar X; - ok (o)

gdzie 0 < ug < 1 argumentem, dla ktorego funkcja W, i osigga swoje globalne maksimum na
przedziale (0, 1).

W ostatnim przypadku, formalnie mozemy jedynie udowodnic¢, ze W, , ma co najwyzej trzy
lokalne maksima.
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